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Abstract

A general-purpose embodied agent must perceive its environment, reason about it,
and act to achieve goals. While deep learning has driven major advances in language
modeling, perception, and control, current learning-only systems often excel mainly
on their training distribution, which is inadequate for complex decision-making in
unseen settings. Humans, by contrast, leverage compositional abstractions—combining
familiar concepts in new ways. We borrow that intuition but aim it at decision-making
related abstractions.

This thesis studies how to build and use structured abstractions for embodied
decision-making to enable systematic generalization and long-horizon behaviors. The
key idea is to decompose decision-making into reusable building blocks that compose
into complex behavior. We use high-level, composable actions (options) as the units
of action abstraction. The state abstraction is designed or learned to support plan-
ning with these options, with units such as objects, relations, spatial symmetries, and
learned embeddings. At decision time, the agent allocates additional compute for
planning and reasoning in this abstract space (rather than over raw observations and
low-level actions), so it can tackle more challenging tasks.

Taken together, we present a framework that couples learning with abstraction
and high-level planning, enabling generalization to unseen environments and tasks and
providing core ingredients for general-purpose embodied agents.
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Chapter 1

Introduction

A long-term goal of artificial intelligence and robotics is to build general-purpose em-
bodied agents that sense, decide, and act in the physical world [Brooks, 1991, Kaelbling
et al., 1998a], which need to handle multimodal input (camera vision input, language
instructions, proprioception, and optionally touch and other sensors) and reliably com-
plete long-horizon tasks in potentially unseen environments, such as new goals, objects,
skills, instructions, scenes.

Consider mobile manipulation as a canonical example: a household robot that
must navigate to different rooms, identify and manipulate various objects (dishes,
tools, furniture), and accomplish complex goals like ”prepare dinner” or ”clean the liv-
ing room.” Such tasks require coordinating navigation through cluttered spaces with
precise object manipulation, handling uncertainty about object properties and loca-
tions, and composing basic skills (grasp, place, navigate) into long action sequences
that achieve high-level goals specified in natural language.

We want a scalable computational pipeline where more compute and data reliably
help: the system learns the right high-level abstraction and reasons at decision time to
stitch them together, instead of memorizing fixed scripts.

Two Primary Paradigms. There are two primary paradigms towards a general
purpose embodied agent: learning-based and planning-based. We briefly position our-
selves against pure learning and planning, discussing the assumptions and why they
are not sufficient.

A pure learning approach aims end-to-end learning a mapping from observations
(and instructions) directly to actions. It may learn from experience (reinforcement
learning) or demonstrations (imitation learning [Pomerleau, 1991, Ross et al., 2011]).
It implicitly assumes that more data or parameters will cover the needed diversity of
input and output space. Why is it so effective on some problems? It learns effective
intermediate representations without hand engineering and can model really complex
mapping from data. Recent approaches follow language modeling style [Brown et al.,
2020, Vaswani et al., 2017, Achiam et al., 2023], which tokenize the raw pixels, actions,
instructions, and goals and represent with distributed representations.

What are the problems? Such raw representations do not really have reusable/-



compositional structure of like the unit of words in LLMs. Thus, it is hard to (1)
understand the enormous combinations of the units and (2) reason about the various
combinations of long action sequences (aka plans) [Sutton et al., 1999]. The agent has
loose perception-action coupling, making it hard to plan to gather new information
and reason when to replan [Kaelbling et al., 1998a].

A pure planning paradigm assumes a full model exists, such as a symbolic model
with state abstraction (object symbols and predicates) and action abstraction (oper-
ators with preconditions and effects [Fikes and Nilsson, 1971, Ghallab et al., 2004]).
It has explicit abstraction and thus excellent compositionality, which enables strong
long-horizon reasoning capability.

Why they are not enough? It assumes handcrafted units, which doesn’t scale
well for new problems. The symbols and operators are not well transferrable across
open settings and embodiments [Garrett et al., 2021]. The grounding of predicates
(abstract state) and operators (abstract action) is limited by perception and interac-
tion [Konidaris, 2019]. The planning quality and efficiency also depend on heuristics,
and it also lacks learned components to improve estimates or adapt to new settings. It
is also hard to learn the abstraction, because the planning algorithms are not designed
to work well with abstractions that are approximate [Abel et al., 2020a, Ferns et al.,
2004].

The Emerging Third Paradigm. Since this work began, a third paradigm has
emerged: large pre-trained models (also sometimes referred as foundation models)
that leverage massive scale and self-supervised learning to achieve remarkable capabil-
ities in perception, language understanding, and even language-level reasoning [Brown
et al.; 2020, Achiam et al., 2023]. These models seem to challenge the need for explicit
structure and planning. However, they exhibit critical weaknesses: lack of system-
atic generalization to novel compositions, inability to perform reliable long-horizon
planning, and absence of geometric understanding. This thesis provides exactly what
foundation models lack—structured reasoning algorithms that can sit on top of pow-
erful perceptual models. Imagine a household robot powered by GPT-5 for language
understanding and vision, but using the planning algorithms from this thesis to en-
sure dinner actually gets prepared correctly. The foundation model understands what
"prepare dinner” means; our algorithms ensure it happens reliably through systematic
planning.

Scope and Assumptions. We aim to build agents that benefit from both learning
and planning, but we first state the scope and simplifying assumptions.

(1) We typically use abstract actions. They can be modeled by options [Sutton
et al., 1999], which has initial and termination conditions and an option policy. Ex-
amples include (i) movement directions or map locations, (ii) object-centric actions, or
(iii) PDDL operators with preconditions and effects that are object parameterized. In
this case, we assume the high-level plans are downward refinable. This means that
a high-level plan that satisfies constraints (e.g., options) always has a low-level exe-



cutable plan, so we do not deal with integrated search between high-level and low-level,
as studied in integrated task and motion planning (TAMP) [Garrett et al., 2021].

(2) We primarily assume the environment is fully observable, besides a work on
studying on planning for information gathering. In that case, we assume observations
are accurate and no information loss. Under these assumptions, the state abstraction
can be produced via the current observation or the history, and the high-level planning
happens over the abstract state.

Even with these simplifications, the challenges still exist and are nontrivial: choos-
ing the proper state abstraction at design time, estimating and updating the state
accurately at decision time, composing plans for long-horizon tasks, handling unseen
tasks with unknown information, etc.

Key Principles To deal with the problem, we explain the key principles of the thesis.

Abstraction = 1/0 interface. We treat abstraction as studying of the representa-
tion units or the basic building blocks of the system. They are like words in language
modeling, where the units can be composed to represent complicated meaning. This in-
cludes state abstraction (e.g., objects and scenes) and action abstraction (e.g., abstract
actions and plans).

Compositionality = rules. Once the units are defined, we can compose them
together via certain rules. Objects can be composed together to representation a full
scene. A sequence of abstract actions forms a plan. The compositionality of geometric
transformations forms symmetry groups.

Planning (and reasoning) at decision time. Intuitively, harder (decision-making)
problems require more compute (test-time/inference-time scaling). This is realized via
planning, i.e., search of good action sequences in a proper state space. However, the
major difficulty of long-term planning for embodied decision-making is to build an
abstract state and action space to search with a compatible planning algorithm.

Learning for abstraction and planning. Analogous to language modeling, the in-
terface (abstraction) and rules (compositionality) enable easier learning for embodied
decision-making. Language modeling succeeds by (1) learning distributed represen-
tations of words in vectors and (2) learning how these vectors interact. Learning of
abstraction is analogous to learning distributed representation of words, and learning
for high-level planning is analogous to learning how abstract actions and states interact.

With these components, unseen tasks can be modeled by new compositions of
familiar parts, enabling (compositional) generalization. In summary, we consider
abstraction with compositionality as the backbone, learning and planning as engines,
and compute as fuel to scale.

This thesis provides systematic planning algorithms and compositional reasoning
frameworks—capabilities that complement modern perception models. We work un-
der specific assumptions (downward refinability, structured abstractions) but provide
formal guarantees for compositional generalization and geometric reasoning that pure
learning approaches cannot achieve.



1.1 Overview of Thesis

This thesis develops learning approaches for compositional abstractions for efficient
planning and studies how to integrate these abstractions and planning together into
robot decision-making. We demonstrate how learning structured representations—objects,
symmetries, and spatial maps—enables efficient planning algorithms that generalize to
novel scenarios through compositional reasoning. The work is organized around two
main themes: learning with compositional abstractions (Part I) and planning
and agent integration (Part II).

Part I: Learning with Compositional Abstractions. Part I focuses on learning
the right representations and structural priors for planning. We develop meth-
ods to learn object-centric world models, discover and exploit symmetries, and build
compositional representations that enable data-efficient generalization across novel sce-
narios. The emphasis is on how learning can discover and leverage compositional struc-
ture to make planning tractable.

Chapter 3: Object-Oriented World Modeling. This chapter establishes the
foundational abstraction for the thesis: how to learn compositional representations
from object-oriented environments. We introduce the Homomorphic Object-oriented
World Model (HOWM) that learns to bind actions to objects and model their inter-
actions through slot-based representations. This addresses the fundamental binding
problem in neural networks [Greff et al., 2020] by learning structured representations
where objects can be composed in novel ways while preserving dynamics. The chap-
ter provides the compositional ”vocabulary” (object slots and factorized actions) that
subsequent chapters will exploit for efficient planning.

Linfeng Zhao, Lingzhi Kong, Robin Walters, Lawson L.S. Wong. “Toward Compo-
sitional Generalization in Object-Oriented World Modeling.” International Conference
on Machine Learning (ICML), 2022. Long Presentation (2.1%).

Chapter 4: Symmetry as Structure for Planning. Building on the object-
centric representations from Chapter 3, we now inject geometric structure into planning
algorithms. This chapter introduces symmetry-aware differentiable planning, where
planning networks respect the inherent geometric symmetries of the environment (ro-
tations, translations). We develop SymVIN, which uses steerable convolutions to make
Value Iteration Networks equivariant to SE(2) transformations. This enables planning
that generalizes across different orientations and positions of the same spatial layout,
providing our first connection between learned abstractions and structure-aware plan-
ning.

Linfeng Zhao, Xupeng Zhu*, Lingzhi Kong*, Robin Walters, Lawson L.S. Wong.
“Integrating Symmetry into Differentiable Planning with Steerable Convolutions.” In-
ternational Conference on Learning Representations (ICLR), 2023.

Chapter 5: E(2)-Equivariant Graph Planning. This chapter extends the
symmetry-aware planning from Chapter 4 to more complex spatial representations.
Moving beyond regular grids, we develop E(2)-equivariant planning on geometric graphs,
enabling navigation in environments represented as spatial scene graphs. We introduce



MPVN (Message Passing Value Networks) that combine the symmetry principles from
Chapter 4 with graph neural networks, bridging between discrete graph structure and
continuous geometric symmetries. This demonstrates how compositional abstractions
can be applied across different spatial representations while preserving their geometric
structure.

Linfeng Zhao*, Hongyu Li*, Taskin Padir, Huaizu Jiang, Lawson L.S. Wong. “E(2)-
Equivariant Graph Planning for Navigation.” IEEE Robotics and Automation Letters
(RA-L), 2024, co-presented in Oral at IROS 2024.

Chapter 6: Extensions and Variations. This chapter explores several ex-
tensions that broaden the scope of compositional abstractions developed in Chapters
3-5. We cover: (1) equivariant action sampling for continuous control that extends
symmetry principles to action generation, (2) spatial maps as an alternative compo-
sitional abstraction to object-centric representations, and (3) selected collaborative
work on structural representation learning. These extensions demonstrate the flexibil-
ity and broader applicability of the compositional abstraction framework beyond the
core object-symmetry pipeline.

Key work: Linfeng Zhao, Owen Howell, Xupeng Zhu, Jung Yeon Park, Zhewen
Zhang, Robin Walters, Lawson L.S. Wong. “Equivariant Action Sampling for Rein-
forcement Learning and Planning.” Workshop on Algorithmic Foundations of Robotics
(WAFR), 2024.

Part II: Planning and Integration with Agent. Part II develops scalable plan-
ning algorithms that exploit the compositional abstractions from Part I and
integrates them into complete robotic systems. We address three key challenges:
making planning algorithms trainable and scalable (Chapter 7), integrating learned
spatial abstractions with end-to-end perception (Chapter 8), and handling uncertainty
and partial observability through belief-space planning (Chapter 9). Together, these
chapters demonstrate how the compositional abstractions from Part I can be deployed
in practical robotic systems.

Chapter 7: Scaling Differentiable Planning. This chapter addresses the fun-
damental challenge of making the planning algorithms from Part I practical for real
applications. Building on the structured representations and symmetric priors from
Chapters 3-6, we develop implicit differentiation techniques that stabilize training and
enable scaling to larger planning horizons and more complex scenes. This provides
the algorithmic foundation needed to deploy compositional abstractions in real robotic
systems with computational constraints.

Linfeng Zhao, Huazhe Xu, Lawson L.S. Wong. “Scaling up and Stabilizing Differ-
entiable Planning with Implicit Differentiation.” International Conference on Learning
Representations (ICLR), 2023.

Chapter 8: Belief-Space Planning with Foundation Models. This chap-
ter addresses planning under uncertainty and partial observability. Building on the
compositional abstractions from Part 1 and the scalable planning from Chapter 7,
we integrate Vision-Language Models for belief estimation with strategic information-



gathering through planning. The system reasons about what it doesn’t know and plans
to observe what matters for task completion, handling real-world uncertainty through
structured belief representations.

Linfeng Zhao, Willie McClinton*, Aidan Curtis*, Nishanth Kumar, Tom Silver,
Leslie Kaelbling, Lawson L.S. Wong. “Seeing is Believing: Belief-Space Planning with
Foundation Models as Uncertainty Estimators.” arXiv, 2025.

Chapter 9: Extensions and Variations (Part II). This chapter presents two
complementary extensions. First, collaborative work on learning skill parameter poli-
cies [Kumar et al., 2024a] shows how planning can guide autonomous skill improvement
during robot deployment. Second, map-based navigation demonstrates zero-shot gen-
eralization using spatial abstractions as an alternative to object-centric representations,
learning implicit correspondences between 2D maps and 3D environments.

Nishanth Kumar, Tom Silver, Willie McClinton, Linfeng Zhao, Stephen Proulz,
Tomds Lozano-Pérez, Leslie Pack Kaelbling, Jennifer Barry. “Practice Makes Perfect:
Planning to Learn Skill Parameter Policies.” Robotics: Science and Systems (RSS),
2024.

Linfeng Zhao, Lawson L.S. Wong. “Learning to Navigate in Mazes with Novel
Layouts Using Abstract Top-down Maps.” Reinforcement Learning Conference (RLC),
2024.

Chapters 10: Discussion and Future Directions. Overview and discussion of
the entire thesis and what’s next.

10



Chapter 2

Background

2.1 Decision-Making Setup

At time step ¢t € N the agent observes multimodal input o, (vision, language, pro-
prioception, touch), chooses an abstract action a; in the form of an option, and then
receives the next observation o;,. Low-level controllers still issue primitive controls
u; € A; the planner reasons at the option level [Sutton et al., 1999, Precup, 2000].
Tasks are specified by goal predicates or sparse rewards, and success is evaluated over
abstract facts rather than pixels.

This framework naturally applies to mobile manipulation scenarios, where a
robot must coordinate navigation through an environment with object manipulation
tasks. For example, a mobile robot might need to navigate to a kitchen, identify ob-
jects like cups or plates, manipulate them (grasping, placing, stacking), and transport
them to different locations—all while handling uncertainty about object properties and
environmental layout.

We model the physical world as an MDP M = (S, A, T, R,~) with states s, € S,
primitive controls u; € A, transition kernel T'(s' | s,u) and reward R(s,u). Observa-
tions o, = O(s;) are generated by an observation function O : § — Q. Because we
assume the setting is typically fully observable, we take this observation to reveal
the low-level state unless noted otherwise. Planning operates over an abstract decision
space S with abstract states St € S produced by an estimator §, = ¢(01.), optionally
accompanied by predicate-belief vectors b, when uncertainty is represented explicitly.

We use options [Sutton et al., 1999] as temporally extended actions that abstract
over low-level control. Each option a = option(¢) has parameters ¢ and a contract
with preconditions pre(a), effects eff (a), and termination conditions term(a). Examples
include grasp(obj), navigate(location), or place(obj, target). Planning finds sequences
= (a1,...,ar) that achieve goal predicates while minimizing expected cost.

Key assumptions. We assume downward refinability: if option contracts in
a high-level plan hold and their predicates are believed true, low-level controllers or
motion planners can realize each step, so we do not address integrated task-motion
search. The abstraction interface is treated as sufficiently observable to evaluate option
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contracts; when this fails, the agent inserts information-gathering options and belief
updates. We also assume the availability of action abstractions in the form of
parameterized options (not necessarily a fixed library).

Why problems remain challenging under these assumptions. Even with
these simplifying assumptions, significant challenges persist. Consider a mobile manip-
ulation scenario where a robot must ”clear the dining table by moving dishes to the
kitchen sink”:

e Compositional generalization: The robot must handle novel object combi-
nations (different dish types, table layouts) and compose known skills (grasp,
navigate, place) in new ways. Even with downward refinability, determining
which composition works for which novel scenario requires learning compositional
structure.

e Representation learning: Objects must be identified and tracked across view-
points and partial occlusion. The state estimator 1(o;.;) must learn to extract
stable object representations and predict how option executions will change the
scene—a non-trivial learning problem even when we assume sufficient observabil-

ity.
e Long-horizon coordination: Multi-step tasks like clearing an entire table in-
volve coordinating dozens of primitive actions across navigation and manipu-

lation. Even with option-level planning, the temporal credit assignment and
exploration challenges grow exponentially with horizon length.

e Planning under uncertainty: The robot may not know if a dish is fragile,
heavy, or dirty without inspection. Strategic information-gathering becomes es-
sential: should it examine each object first, or attempt conservative manipulation
and adjust when failures occur? This requires reasoning about expected infor-
mation value and failure costs.

For planning under uncertainty, we adopt the open-world assumption [Reiter,
1978, Genesereth and Nilsson, 1987], where unobserved predicates (or queries to the
environment) in an abstract state are assumed unknown (triggering perception to re-
solve uncertainty), contrasting with the closed-world assumption where unobserved
predicates are simply treated as false. We study world modeling and planning in an
abstract space (e.g., objects, predicates) rather than raw observation space (e.g.,
pixels), which raises grounding challenges: lossless abstractions preserve optimality
but require careful state estimation, while lossy abstractions enable tractability but
need learned models to bridge the abstraction gap. Pixel-level prediction, continuous
motion planning inside options, and full TAMP remain out of scope.

2.2 Abstraction

We treat abstraction as the agent’s I/O interface: what is represented (state) and what
can be done (action) at the level where planning occurs. This mirrors the introduction’s
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principle that the right units plus the right rules enable composition and generalization.

2.2.1 State Abstraction

The state abstraction serves as a decision-level summary of the world: it keeps just
enough structure to decide which option to run next while hiding low-level sensor detail.
We denote the abstract state space as S and a state as §. Crucially, we do not prescribe
a specific representation for these compositional abstract states—they can be:

o Implicitly defined: Internal states of Vision-Language Models, learned embed-
dings from neural networks, or latent vectors that capture scene structure without
explicit symbolic grounding

o Faxplicitly defined: Compositional abstractions like objects and their relations,
spatial regions and connectivity, or symbolic predicates over typed entities

The key requirement is that these abstract states support planning for options—they
must contain sufficient information to evaluate option preconditions, predict effects,
and assess goal achievement. What makes them compositional is that we can de-
fine algebraic operations on these states. For set-based representations (e.g., sets of
objects), we have natural operations like union, intersection, and replacement that pre-
serve planning structure. For continuous representations, group operations (rotations,
translations, permutations) define the compositional algebra. This algebraic struc-
ture enables systematic generalization: if we know how options transform individual
components, we can predict their effects on novel compositions.

This formulation naturally connects with modern Vision-Language Models. VLMs
can serve as the state estimator ¢ : Q* — S, mapping observations to abstract states.
They excel at the perceptual aspects—recognizing objects, evaluating spatial relations,
answering questions about scene content. However, they lack the systematic planning
capabilities to reason about how sequences of options transform these states toward
goals. Our planning algorithms provide this missing capability, operating on whatever
abstract state representation the perceptual system provides.

Canonical state abstraction frameworks provide theoretical foundations: model
minimization and bisimulation metrics [Dean and Givan, 1997, Li et al., 2006b, Ferns
et al., 2004] for lossless compression, object-oriented MDPs [Diuk et al., 2008] for
factored representations, and option-aware abstractions [Konidaris, 2019, Abel et al.,
2020b,a] for hierarchical decision-making. In practice, Chapter 3 implements this
through slot-based representations where objects appear as learned embeddings, predi-
cates are evaluated through attention mechanisms, and uncertainty is tracked explicitly
when needed.

2.2.2 Action Abstraction via Options

Intuitively, an option represents a mapping from a subset of states to another subset
of states—a reusable skill that transforms the world in predictable ways. For example,
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grasp(obj) maps from states where the gripper is empty and near the object to states
where the object is held. This subset-to-subset view captures the essential planning
structure: we chain options together when the target subset of one overlaps with the
source subset of the next.

At the abstract planning level, each option is summarized by a contract:

e Preconditions: The source subset of states where the option can initiate
e Effects: The target subset of states likely after successful execution

e Parameters: Variables that specialize the option (which object to grasp, where
to navigate)

Typical options include grasp(obj), place(obj, target), navigate(location), and inspect(region)
for information gathering. The planner’s job is to find a sequence of options whose
composed state transformations achieve the goal-—without needing to reason about the
low-level control within each option.

More formally, an option is defined as

w = (Lo, M, B, ) (2.1)

where Z,, C § is the initiation set (source subset), m,, is the internal policy that executes
the skill, £, is the termination condition, and ¢ are parameters. The abstract contract

C(w) = (pre,,, eff,,, term,,) (2.2)

exposes these components to the planner. This framework naturally encompasses clas-
sical planning operators: STRIPS/PDDL actions [Fikes and Nilsson, 1971, Haslum
et al., 2019] are options with deterministic contracts, while learned skills are options
with probabilistic execution but structured contracts.

This framework naturally integrates with modern foundation models (2023-2025).
VLMs excel at providing the state estimator ¢y and evaluating predicates—they can
answer “what do I see?”” and “is the cup on the table?” However, they lack sys-
tematic ways to plan over options—they cannot reliably answer “what sequence of
actions achieves my goal?” The planning algorithms in this thesis provide that missing
capability, transforming foundation model perception into reliable action sequences.
Chapter 8 demonstrates this concretely by using VLMs for state estimation while our
belief-space planner selects information-gathering and task-completion options.

2.2.3 Fidelity: Lossless vs. Lossy Abstraction

This thesis explores two complementary approaches to abstraction that reflect a funda-
mental trade-off in planning: optimality preservation versus computational efficiency.

Lossless Abstractions preserve optimality while reducing computational com-
plexity through structured compression. These abstractions maintain strict equiva-
lences that guarantee optimal solutions in the abstract space correspond to optimal
solutions in the original space. Two primary sources provide such structure:
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Symmetry-based abstraction. When a symmetry group G acts on the state and
action spaces, states within the same orbit [s]c = {g-s: g € G} are control-equivalent
if the dynamics and rewards are G-invariant:

T(g ©S5,9-a,9- SI) = T(S,CL, 5l>7 R(g * 5,4 CL) = R(S,CL) (23)

The quotient space S$=8 /G yields a smaller MDP with preserved optimality via MDP
homomorphisms [Ravindran and Barto, 2003, Li et al., 2006b]. Chapter 4 exploits
D(4) symmetry for 8x reduction in grid navigation, while Chapter 5 extends to E(2)
symmetry for continuous environments.

Object-centric factorization. States can factorize into object descriptors s = (fi(s),. ..

following object-oriented MDPs [Diuk et al., 2008], enabling sparse transitions 7'(s, a, )
IL Ti(fi(s),a, fi(s")) and compositional rewards R(s,a) = ) . R;(fi(s),a). Chapter 3’s
HOWM combines both structures: ¥y permutation symmetry with object slots, where
equivariance error A = maxgex,, || f(g-5) —g- f(s)|| measures compositional consistency.

Lossy Abstractions employ more aggressive simplifications that intentionally dis-
card information to achieve greater computational efficiency and broader applicability.
While they may produce suboptimal solutions, they enable tractability in complex
environments where lossless abstractions are insufficient.

Map-based representations compress continuous environments into discrete spa-
tial abstractions (Chapter 9), trading geometric precision for navigational efficiency.
Symbolic representations use predicate logic and typed entities to capture high-level
relationships while abstracting away low-level dynamics. Language-grounded oper-
ators leverage natural language descriptions as option contracts, enabling general-
ization across semantic domains. Belief abstractions represent uncertainty through
three-valued logic (True/False/Unknown) rather than full probability distributions, as
demonstrated in Chapter 8’s belief-space planning.

Flexible Fidelity. Crucially, the same abstraction types can be implemented in
both lossless and lossy ways depending on system requirements. Object representations
can maintain full geometric precision (lossless) or use coarse spatial discretizations
(lossy). Symmetry can be enforced exactly through equivariant architectures (loss-
less) or approximated through data augmentation (lossy). The same option contracts
(pre/eff/term) enable swapping between fidelity levels: higher fidelity is invoked where
grounding demands it, while lossy models supply tractability and generalization.

 fu(s))

~
~

This thesis demonstrates that structured abstractions—whether lossless or lossy—enable

systematic generalization beyond pure learning approaches while maintaining compu-
tational efficiency through compositional design. The choice of fidelity becomes a
design decision based on task requirements and computational constraints rather than
a fundamental limitation.

2.3 Compositionality

We formalize composition rules for actions, state, and belief so that long-horizon be-
havior emerges from short parts through principled combination. The goal is that if
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the agent understands how components fit together, it can solve longer tasks without
relearning everything from scratch.

2.3.1 Action Composition

Options combine through their contract structure (preconditions, effects, termination
conditions) to form longer plans [Sutton et al., 1999, Bacon et al., 2017]. The key
composition patterns are: Sequential composition chains options when effects sat-
isfy next preconditions (navigate(kitchen) — grasp(cup) — place(cup, dishwasher)),
choice composition selects among alternatives based on conditions (open(door) choos-
ing turn-handle vs push by door type), parallel composition executes independent
options simultaneously when they don’t interfere, and iterative composition re-
peats actions until termination (clear-table repeating grasp(dish) — navigate(sink) —
place(dish, sink) until table empty).

For mobile manipulation, these patterns enable complex task execution: a robot
clearing a dining table might sequentially navigate to each object, grasp it, navigate to
appropriate destinations (sink for dishes, trash for napkins), and place items correctly.
Choice composition handles different object types (fragile vs. sturdy dishes requir-
ing different grasp strategies), while iterative composition continues until all objects
are cleared. This compositional structure enables systematic construction of complex
behaviors from simpler building blocks [Vezhnevets et al., 2017].

2.3.2 State Composition

Building on the state abstraction framework (Section 2.2.1), we formalize how abstract
states compose and transform under option execution. The key insight is that compo-
sitional structure in the abstract state space S enables local updates and systematic
generalization.

Object-centric composition. When abstract states are explicitly structured as ob-
jects and relations, options typically affect only local subsets. For instance, grasp(obj)
modifies the state of obj and the gripper while leaving other objects unchanged. This
locality enables efficient state updates where only affected components change while
the rest of the scene structure is preserved. Chapter 3’s HOWM exploits this through
slot-based representations where each slot tracks an object independently, enabling
local updates without recomputing the entire state.

Relational composition. Predicates like on(oy, 02) or near(oy, 02) capture relation-
ships that persist across object substitutions. The same place option works whether
placing a cup on a table or a book on a shelf—the relational structure transfers. This
enables generalization: learning how options transform relations on training objects
predicts their effects on novel objects.

Symmetry-based composition. Group symmetries define equivalence classes in state
space. States differing only by rotations, translations, or object permutations share
compositional structure. Chapters 4-5 formalize this through MDP homomorphisms,
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where symmetry group actions preserve transition dynamics. This reduces the effective
state space by the symmetry group’s order while preserving optimal policies.

Implicit composition. Even when states are implicit (e.g., VLM embeddings), com-
positional structure can emerge through learning. The state estimator ¢ : Q* — S
learns to map observations to representations that support option-level planning. Mod-
ern foundation models excel at this perceptual abstraction—recognizing objects, eval-
uating spatial relations, answering questions about scenes—providing the state repre-
sentation our planning algorithms operate on.

Belief composition under uncertainty. When predicates are uncertain, we extend to
belief states b € A(S ). Chapter 8’s approach uses three-valued logic {true, false, unknown }
for tractable belief representation, where unknown predicates trigger information-gathering
options. This compositional belief structure enables efficient belief updates after ob-
servations.

2.4 Planning at Decision Time

Planning, broadly defined, is the process of finding a sequence of actions that transforms
the current state into a goal state [LaValle, 2006a]. This encompasses a spectrum from
classical symbolic planning (STRIPS, PDDL [Fikes and Nilsson, 1971, Ghallab et al.,
2004]) to trajectory optimization, model predictive control, and learned planning in
neural networks [Tamar et al., 2016a]. In our framework, planning selects options to
reach a goal region (a subset of the state space) while respecting the option contracts
defined above.

We assume downward refinability: our focus is on high-level planning only,
where valid abstract plans can be delegated to low-level controllers without additional
task—motion reasoning. Planning therefore queries the option-level model to find a fi-
nite sequence m = (aq, ..., ar) that minimizes expected cumulative cost (or equivalently
maximizes success probability); practical implementations approximate this objective
through heuristic search or learned guidance.

The behavior of T and R depends on the abstraction in use. In lossless settings—symmetry-
aware planners such as SymVIN or slot-based planners such as HOWM-—the abstract
model preserves optimality and exploits equivariance or object factoring. In lossy
settings—map-conditioned navigation or query-based perception planners—the model
is approximate, and learning supplies outcome predictors, heuristics, and proposal dis-
tributions that make option selection effective despite the coarser representation.

2.5 Learning for Abstraction and Planning

The key idea is to identify the basic building blocks for embodied decision-making,
analogous to how language modeling identifies words as the fundamental units of lan-
guage. Language modeling succeeds through a principled learning framework: (1) dis-
tributed representations of words as vectors and (2) learning how these vectors interact
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through attention and composition. We apply the same principle to decision-making
by identifying objects, predicates, and options as our basic building blocks.

Distributed representations as the key insight. Rather than localist encoding
(one-hot vectors), language models learn distributed representations where each con-
cept is encoded by many features, and each feature participates in representing many
concepts [Rumelhart et al.; 1986, Smolensky, 1990, Plate, 1995]. This enables: (1)
feature sharing across related concepts, reducing sample complexity; (2) geomet-
ric structure where similar vectors behave similarly; (3) compositional operations
through vector arithmetic and attention [Vaswani et al., 2017]; and (4) differentiable
optimization through shared features. Neural language models learn these represen-
tations jointly with prediction through co-training that ties geometry to next-token
objectives [Bengio et al., 2003].

Adapting to planning. We apply this framework by treating objects, predicates,
and options as decision-making tokens. Attention mechanisms bind objects to pred-
icates, select relevant options, and compose multi-step plans—enabling differentiable
composition throughout the planning process.

Toward joint learning of abstractions and planning. A central challenge
in decision-making is ensuring that learned abstractions 1 : Q* — S are not only
predictive of future observations but also effective for planning. This connects to
the broader principle that representations should be optimized for their downstream
use—a lesson from language modeling where embeddings and prediction objectives are
co-trained [Bengio et al., 2003].

Traditional pipelines train perception, world modeling, and planning sequentially—optimizing
each component independently. This can yield representations that predict well but
plan poorly. Joint learning instead optimizes all components toward a shared planning
objective that measures task success rather than just prediction accuracy. This ap-
proach has been demonstrated across multiple paradigms: model-based approaches like
World Models [Ha and Schmidhuber, 2018] train controllers within learned “dreams,”
while MuZero [Schrittwieser et al., 2020] learns planning-relevant world models and the
Dreamer series [Hafner et al., 2020b, 2021, 2023] achieves state-of-the-art performance
through imagination rollouts; transformer approaches like Decision Transformer [Chen
et al., 2021] treat planning as sequence modeling; foundation model approaches inte-
grate large-scale pretraining with robotic control [Brohan et al., 2022, 2023, Ahn et al.,
2022a]; and object-centric approaches like our HOWM work [Zhao et al., 2022a] jointly
train object detection, dynamics, and planning with equivariant representations.

The key insight across these approaches is that planning-centric objectives often
yield different representations than prediction-centric ones. While we explore this
principle in several works—differentiable planning (Chapter 4), belief-space planning
(Chapter 6), and spatial abstraction (Chapter 5)—the full realization of end-to-end
joint training remains an active research direction where abstractions, world models,
and planning components are optimized together toward downstream task performance.
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Part 1

Learning with Compositional
Abstractions
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Chapter 3
Object-Oriented World Modeling

Environments with objects are a natural setting for embodied decision-making, where
scenes are composed of distinct entities (objects) with individual properties and dy-
namics [Diuk et al.; 2008]. Recently, there has been significant interest in learning
world models for such environments from visual observations [Burgess et al., 2019,
Watters et al., 2019, Kipf et al., 2019, Kossen et al., 2019, Lin et al., 2020, Veerapaneni
et al., 2020, Locatello et al., 2020]. These models learn object-centric representations
that factorize scenes by their constituent objects, enabling more structured reasoning
about environment dynamics.

This chapter addresses a form of generalization that has been less formally stud-
ied in action-conditioned world modeling: compositional generalization. When a robot
trained on scenes with familiar objects encounters novel combinations, it should recog-
nize individual objects and predict their effects appropriately. For example, if trained
on scenes containing {A, ¥} and {«, »}, the model should generalize to novel scenes
{A, «} without additional training. To study this systematically, we introduce Object
Library environments featuring K objects drawn from a library of N objects (K < N),
where the K objects remain consistent during each episode. Although visually distinct,
these environments are isomorphic to each other, with the isomorphism factorized by
their constituent objects. While compositional generalization has been extensively
studied in natural language [Johnson et al., 2017, Lake and Baroni, 2018, Bahdanau
et al., 2019, Gordon et al., 2019, Keysers et al., 2020], this capability requires new
formulations for environments where actions have state-dependent effects.

The thesis principle of Abstraction = I/0 interface guides our approach. Objects
serve as the basic representational units that can be composed according to systematic
rules [Diuk et al., 2008]. We formalize compositional generalization as equivariance
to object-replacement operations—the ability to generalize from one scene to another
with replaced objects. This bridges behavioral generalization (predicting dynamics
of novel combinations) with functional implementation (equivariant models). Two
paths emerge for achieving this: (1) exact compositional generalization with intensive
resource usage, or (2) learning soft object and action binding in latent space [Burgess
et al., 2019, Watters et al., 2019, Kipf et al., 2019, Kossen et al., 2019, Lin et al., 2020,
Veerapaneni et al., 2020, Locatello et al., 2020]. The primary challenge for the latter
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path is not merely learning object representations, but correctly binding actions to the
right objects—determining which objects are affected by which actions in the absence
of canonical object ordering in visual observations.

The technical contribution introduces the Homomorphic Object-oriented World
Model (HOWM), which addresses the soft compositional generalization path. HOWM
deploys an Action Attention module to learn which latent object slots are affected by
each action, and can be trained differentiably with the Aligned Loss. We prove that
if the model learns correct action-slot binding, this approach achieves perfect composi-
tional generalization—matching exact methods but with computational scaling from
library size to scene size (O(N?) — O(K?)), where N is the library size and K is the
number of objects present in each scene.

This chapter is based on our paper “Toward Compositional Generalization in Object-

Oriented World Modeling” published at ICML 2022.

3.1 Object Library: A Framework for Studying Com-
positional Generalization

To study compositional generalization systematically, we design a class of object-
oriented environments called Object Library, illustrated in Figure 3.1. These en-
vironments feature K objects drawn from a library of N objects, where the K objects
remain consistent during each episode. Although visually distinct, these environments
are isomorphic to each other. The isomorphism is factorized by constituent objects,
enabling models to generalize to new scenes (novel object combinations) if constituent
objects have been observed during training.

For example, if during training we observe scenes containing {A, ¥} and {«,»},
models should accurately predict dynamics in novel scenes {A, <} and {V,»}.

We formally define compositional generalization as the ability to generalize from one
scene to another with replaced objects—equivalently, equivariance to object-replacement
operations. 'This bridges behavioral generalization with functional implementation
through equivariant models.

3.2 Background

Our environments are modeled as Markov decision processes. A Markov decision pro-
cess (MDP) is a 5-tuple M = (S, A, T, R,v), with state space S, action space A,
transition function 7: S x A x S — R, reward function R: § x A — R, and discount
factor v € [0, 1].

MDP homomorphisms. In this paper, we will study families of related MDPs
using the framework of MDP homomorphisms [Ravindran and Barto, 2004, van der
Pol et al., 2020a]. An MDP homomorphism h: M — M is a mapping from one MDP
M = (S,A,T,R,~) to another M = (S, A, T, R,~). The map h consists of a tuple
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Figure 3.1: (Left) An example of our Object Library environment: Rush Hour, de-
scribed in Section 3.4.1. Each scene features K = 2 objects from a library of N = 4
objects. (Right) A family of MDPs for modeling Object Library, as explained in Sec-
tion 3.3.3.

of surjective maps h = (¢, {as | s € S}), where ¢: § — S is the state mapping and
as: A — A is the state-dependent action mapping. The mappings are constructed to
satisfy the following conditions for all s,s’ € S and a € A:

R (4(s), as(a)) = R(s,a),
) ols).as(a) = Y T(s"]s,a). (3.1)

s"ed=(¢(s))

T (o(

We call the reduced MDP M the homomorphic image of M under h. If h = (¢, {a |
s € 8}) has bijective maps ¢ and {as}, we call h an MDP isomorphism.

Symmetry groups and equivarance. In Section 3.4, we will formalize composi-
tional generalization in object-oriented environments as a type of “object-replacement”
symmetry. In mathematics, a symmetry group G is an algebraic concept, denoting the
collection of all symmetric transformations of an entity, satisfying the axioms of asso-
ciativity, identity, inverse, and closure. A (left) group operation (action) of a group G
on a set X is defined as the mapping (g, x) — g.z. If f is a function f: X — Y and G
acts on X and Y, then f is an equivariant map if it commutes with the operation of the
group: ¢g.f(x) = f(g.x),Vg € G,Vo € X. The function f is considered G-equivariant.
If instead f(z) = f(g.x) holds, then f is considered G-invariant.

MDP homomorphisms with symmetry. The above concepts can be connected
together. Given group G, an MDP homomorphism A is said to be group structured
if any state-action pair (s,a) and its transformed counterpart g.(s,a) are mapped to
the same abstract state-action pair: (¢(s),as(a)) = (¢(g.5),ay(g.a)), for all s €
S,a € A, g € G. For convenience, we denote g.(s,a) as (g.s, g.a), where g.a implicitly’
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Figure 3.2: An illustrative commutative diagram. (Left) For any scene MDP Mg,,
we can bind its objects and actions to the representative slot MDP M|gj. Note that
the object-relative action "right” needs to be converted to the absolute representative
action "west” in Mg). (Right) Since the binding between objects (and their actions)
and slots is one-to-one, we can relate two scene MDPs by composing the binding
hi—j = h; o hj-’l; the two MDPs are isomorphic.

depends on state s. Applied to the transition and reward functions, the transition func-
tion T' is G-equivariant if T" satisfies T'(g.s'|g.s, g.a) = T(s'|s,a), and reward function
R is G-invariant if R(g.s,g.a) = R(s,a), foralls € S,a € A, g € G.

This section is intentionally brief; see van der Pol et al. [2020a] and Ravindran
and Barto [2004] for a more in-depth account of MDPs with symmetries. To keep the
exposition simple in the main text, we focus on predicting transition dynamics only
and assume that transitions are deterministic. The derivations extend naturally to
stochastic environments and rewards.

3.3 Object-Oriented Environments

In this section, we define the concept of object-oriented environments (OOE), and
introduce a specific family of OOEs, Object Library, for studying composition gener-
alization. We model these environments as MDPs, and in the process we will define
multiple related MDPs for Object Library.

3.3.1 Image-based environments and factorization

We study image-based environments with multiple objects. At each time step, the agent
observes an image s; € S, consisting of multiple objects that fully describe the current
scene, and takes an action a; € A to control a single object. We model this as an MDP
with image-based states, Mpixe1. What distinguishes My from an arbitrary high-
dimensional MDP with a high-dimensional state space is that the environment actually
has low-dimensional factorized structure, in that the environment is fully determined

'The group operation acting on action space A depends on state, since G actually acts on the
product space S X A, (g, (s,a)) — g.(s,a), while we denote it as (g.s, g.a) for consistency with h =
(p,{as | s € S}). As a bibliographical note, in van der Pol et al. [2020a], the group acting on state and
action space is denoted as state transformation Ly: S — S and state-dependent action transformation
K;: A— A
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solely by the objects in the scene and their relations [Ravindran and Barto, 2004, Diuk
et al., 2008].

More formally, we define M to be an object-oriented environment (OOE) if
there exists an MDP homomorphism M — M that maps the image-based MDP
to a factored MDP M [Guestrin et al., 2003]. M has factorized state and action spaces
S=8x...x8y, A=A x...x Ay, where each factor is meant to model one of
N objects, and ideally has significantly lower dimension. We use a factorized action
space where each action component corresponds to controlling a specific object.

3.3.2 Object Library

In this paper, we consider compositional generalization within a family of OOEs, which
we call Object Library. Object Library is an OOE augmented with a library of all
possible objects L. = {o01,...,0nx}, of which only K objects are present in any given
scene, where 1 < K < N. Note that the library is not given and is meant to be learned
from images; we merely introduce it as a conceptual tool.

In each episode, the K objects are persistent, but between episodes a different set
of K objects may be chosen from L. This allows us to generate different scenes with
different object sets during training and evaluation, thus enabling us to measure the
performance discrepancy when faced with different object compositions. Compositional
generalization will be formally defined in the next section.

3.3.3 Modeling Object Library as a family of MDPs
We now define several MDPs for modeling Object Library, illustrated in Figure 3.1.

e Pixel MDP M;c: This is the original environment with image-based states.

e Full MDP Mp: We define My, to be the latent factored MDP, with one state/action
factor per object: S, = 81 X ... X Sy, and likewise for A, = A; x ... x Ay. Since
there are only K objects in the scene, each S; contains a special null state € that
indicates the object is not present.

e Scene MDP Mg: Since the K objects persist in any particular instance of the

Object Library environment, both M1 and M;, are partitioned into (%) connected
components, or sub-MDPs [Ravindran and Barto, 2004]. It is convenient to consider
each of these sub-MDPs, which we call the scene MDP Mg. More formally, let
O = {i1,...,ix} be the indices of the K present objects. We construct Mg by

projecting Sy, and Ay, to O: Sp = S;, x ... X S, and likewise for Ag.

e Slot MDP M|g): We will eventually show that all scene MDPs are isomorphic to
each other. Key to this construction is the existence of a representative factored
MDP among all scenes, which we denote as the slot MDP M k). M|k has K object
“slots”: Sig) = 81 X ... Sk, and likewise for A(g). Ideally, we can ”bind” every
scene MDP Mg to Mg without any loss of information, since a scene MDP has K
objects and the slot MDP can represent the K objects using its K slots.
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The relationship between these MDPs are shown in Figure 3.1 right. There exists an
MDP homomorphism from the high-dimensional M i to the low-dimensional factored
My, (black arrow). Depending on the K objects present in the scene, My, can be
projected onto one of () scene MDPs Mg, (purple dashed arrow). Each of these Mo,
is isomorphic to Mg) (blue arrow, double headed), and therefore are also isomorphic
to each other (red dashed arrow, double headed). Our analysis in Section 3.4 also
assumes the existence of an MDP homomorphism from My, to Mg (orange arrow).

3.4 Compositional Generalization in OOEs

In OOEs, at least two types of generalization exist: (1) generalizing to unseen objects,
and (2) generalizing to unseen combinations (scenes) of known objects. We consider
type (2) as compositional generalization. This is similar to recent work on compositional
generalization in natural language [Gordon et al., 2019], where a sentence is viewed as
an ordered set of words. In the context of Object Library, the object library L is
our “vocabulary”, and selecting novel sets of objects @ to form scenes is similar to
composing unseen sentences from novel combinations of words.

We first illustrate this key idea using a simple instance of Object Library. Next, we
formally define our notion of compositional generalization. Finally, we provide a set of
conditions that we prove are sufficient to achieve compositional generalization in the
Object Library family of OOEs.

3.4.1 An illustrative example

We use an instance of Object Library, Rush Hour, to illustrate our ideas (see Figures 3.1
and 3.2). Rush Hour is motivated by a grid game, where multiple cars are in different
absolute orientations: (north, south, east, west). Each car has an action space
(forward, backward, left, right) that moves it relative to its orientation. For
example, if a car is facing south, moving right means moving west in the world.
Consider an instance with N = 4 possible objects in the library I described by shape
and orientation: {A, ¥V, «, »}. Each scene consists of K = 2 objects, so there are 6
possible scenes: { {A, V}, {4, <}, {A, »}, {V, <}, {V,»}, {«,»} }.

Object-replacement symmetry. We formalize the notion of mapping between
scenes (with different object combinations) using permutation symmetry. The symme-
try group Xy = X4 acts naturally on IL with 4 cars, by replacing a car with another; it
induces an operation acting on scenes. For example, if we have a permutation mapping
(V) =»,0 € ¥4, and other cars remain the same, the induced operation on the scene
would be o({«,¥}) = {«,»}. If our learned transition model is equivariant to Xy,
then we can generalize to novel scenes (e.g., Figure 3.2 bottom right) by appropriate
permuting (replacing objects) from training scenes (Figure 3.2 top right).

Lifting from the slot MDP. We can observe that scenes with K different present
objects are structurally similar to each other, motivating us to not consider all N
objects independently, but to share knowledge between scenes. Furthermore, since all
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Figure 3.3: (Left) Overview of the world model prediction: the upper blue sequence
is a ground pixel MDP with some objects Q;, and the lower one is the slot MDP.
We emphasize two facts: (1) encoded object slots in different steps may have different
ordering (marked as 1’ and 2), and (2) the transition model is equivariant in slot
ordering, i.e., consistent across time steps (in 1 and 2), thus the loss computation needs
alignment of slots (between 1,2 and 1’,2'). (Top right) learns to
bind actions from interaction (action-object correspondence is unknown and learned).
(Bottom right) In the Aligned Loss, the learned binding matrices M; and M, ; are
used to lift slots in ¢ and ¢ + 1 to a canonical space (full MDP).

K-object scenes are similar, we could find a representative “scene” where all scenes are
similar to it, and convert actions to consistent meaning (from relative up to absolute
north, Figure 3.2 bottom left). We call it the slot MDP My (Figure 3.2 bottom
left), where all scene MDPs are called isomorphic to it. In other words, by learning a
world model in the slot MDP, we should automatically get good model for all scenes,
or “lifting”, and thus generalize.

Measuring compositional generalization. If we train on scene MDPs { M, vy, M{< .1},
the model should ideally generalize to {M, <}, My ,1}. By training on the former
and evaluating transition-function prediction errors on the latter, we can measure gen-
eralization error. We formalize this by defining the notion of equivariance error in the
next section. This measurement approach is detailed in the original paper.

3.4.2 Defining exact compositional generalization

Our definition is based on equivariance to object replacement in OOEs. Specifically,
if the (learned) transition model Ty, for My is equivariant to any object-set replace-
ment, then TL can generalize to all object sets O, including unseen combinations, as
long as all individual objects in the library I have been observed in training scenes.
This equivariance definition connects the behavioral perspective (how a system with
compositional generalization should behave) and functional perspective (achieving by
permutation equivariant networks). More formally, we define the object-replacement
operation as follows:
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Definition 3.1 (Object-replacement operation pr,). Let Xy denote the permutations of
N elements, which acts naturally on the object-library set .. The object-replacement
operation is the group operation pp,: Xy x L. — L where Xy acts on the indices in L
to replace the identity of objects.

For example, using disjoint cycle notation, an object replacement operation m =
(123)(45) acts on L by sending 7(3) = 1 and n(4) = 5. This induces a group operation
on scenes, px, that maps a set of objects to another set, e.g., px(m, {3,4}) = {1,5}.
Thus, Yy permutes the scene MDPs {Mg}.% TODOIL REMOVED We use py, to

define the measure of compositional generalization:

Definition 3.2 (Equivariance error of Ty, on My). Let Ty : S x AL x S — R, be a
(learned) transition model of My. The sample equivariance error of Ty, at (s,a,s’) €
Sp x Ar, x 8p, with respect to o € Xy is defined

~

N E2TL(s | s,a) — Ti(o.s' | 0.5,0.a)]. (3.2)
The equivariance error of 77, is then defined as the expectation Ay, = E; 4 ¢ »[A7].

The magnitude of A measures the failure of 11, to be Y. y-equivariant, hence the
name equivariance error. For a perfectly X y-equivariant transition function 71, the
error is guaranteed to be 0 by the definition of equivariance. Note that for clarity,
we only consider transition prediction in the above definition. A complete version of
homomorphism also preserves the reward structure, thus preserving optimal values and
policies.

3.4.3 Achieving soft compositional generalization

Ideally, we can achieve compositional generalization according to the above metric by
simply learning a X y-equivariant transition model and correct binding of objects and
actions. However, this is difficult in practice for large N (size of object library), as
we show in our experiments. In this section, we derive an alternative path to -
equivariance that only requires us to learn a Y g-equivariant model, which is signifi-
cantly more tractable since we expect K < N.

Instead of directly learning a X y-equivariant model, which is difficult for large N,
we can instead learn a Y g-equivariant model for Mg, and “lift” it to achieve Xy-
equivariance. We need to first define what is “good” binding, which intuitively means
that we can project N objects to a subspace of K slots, while we are still able to
identify them, i.e., how K-slot identities are permuted.

Definition 3.3 (Projection property). Let h be an MDP homomorphism from the full
MDP to the slot MDP, h : My, — M|g). The homomorphism h = (¢, {as | s € S})
satisfies the projection property if, for any ¢ € Xy, s € S, a € Ap, there exists
0 € Yk such that

7.0(s) = ¢(0.s) and T.ag(a) = ays(0.a) . (3.3)
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In other words, the K present objects in s € & are bound to the K slots in
#(s) € Six] in a specific order. It implicitly assumes the binding of present objects in
My, to slots in Mg is in some temporally consistent order: S;, +— Si.

By definition of MDP homomorphisms, given a model Ty, for My, h induces a
model T[K} for M. If TL has equivariance error Ar, we can show that T[ &) will have

the following equivariance error *:

Proposition 3.4. Let h : My — Mgy be an MDP homomorphism satisfying the
projection property. Suppose Ti. is a (learned) transition model of My, with equivariance
error A\p. Then T[K], the induced transition model of Mk under h = (¢, {a, | s € S}),
has sample equivariance error at (¢(s), as(a), ¢(s")) € S X Ax) X Six) and @ € Y-

Nia 2 [T (6 (5) | 6(s), as(a))—
Ti)(@.6 () | 7.6(5). 7.0s(@) || = €7, (3.4)

where C' = (%) is the number of K-slot scenes given an N -object library, ¢ : Sy — Sk
and o @ Ay — Aik). The equivariance error is then \x) = Es,a,s’,?[)\?[q] =C-AL.

Therefore, if 71, has perfect compositional generalization (equivariance error Ay, =
0), and homomorphism h satisfies the projection property, then the induced model T[ K]
is ¥ -equivariant.Conversely, since the proposition holds with equality, if we have a
Y k-equivariant model T[K] in Mg, and Mg is a homomorphic image of My, then
we can lift the model to a X y-equivariant model Ti, in My, which allows us to simplify
Y y-equivariant models.

Corollary 3.5 (Lifted model is ¥ y-equivariant). If (1) T[K] is Y -equivariant, and
(2) there exists a homomorphism h : My — Mg satisfying the projection property,
then 11, is Y n-equivariant.

3.4.4 Practically measuring compositional generalization

Even though we formally define the compositional generalization error as an expecta-
tion E , o 7 [)\?K]] over all transition tuples and all permutations, directly computing it
in learned latent space is not practical. The reason is that we only assume there exists
correct object and action binding ¢, as (by the projection property), while they are
learned by models and not necessarily correct.

In the definition, several sources of error exist: (1) prediction error (s,a) — s, (2)
binding error (¢(s), as(a)) = ¢(s'), (3) compositional error (o.¢(s), o.as(a)) — o.¢(s").
Alternatively, we need a practical metric to bypass (2) and measure (1)+(3). To this
end, motivated by generating compositional natural language data [Keysers et al.,
2020], we propose to train and test on disjoint set of scenes, and directly measure

2However, from the computational perspective, the information of binding to latent space is un-
known, so the numerical values are hard to compute in practice.
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the prediction error on test scenes, which avoids explicitly "replacing” object in latent
space 0.¢(s).

Specifically, we need to follow two rules analogously: (1) Disjoint scene object set.
Training and test set of object scenes should be disjoint: |O| = K, {Orain } N {Otest } =
0. (2) Similar object distribution: i, € L. Training and test datasets should have
similar object frequency (uniform), to ensure the error is not biased by errors in object
detection. The training set should also contain all objects in library | J Qe = L. In
the experiment section, we then use this strategy to collect data and measure prediction
error on test set as a proxy of compositional generalization error.

3.5 Compositionally Generalizable WMs

In the previous section, we provided the mathematical foundations for achieving com-
positional generalization via Y- and Y g-equivariant transition models in My, and
M) respectively. Now, we provide a practical approach, based on the construction in
Section 3.4.3, for achieving soft ¥ y-equivariance in only ¥ latent space. The overview
of the model is provided in Figure 3.3.

We focus on end-to-end learning a world model in latent space. The key challenge
is that the object binding is unknown and no canonical ordering can be determined
purely from images, so the model needs to infer it from data. We assume the action
space is factorized by objects [Guestrin et al., 2003, Kipf et al., 2019], where each action
component controls a specific object.While the factorization A, = A; x ... X Ay is
fixed, the model must use interaction data (s, a, s") to infer which action controls which
object.

Stage 1: Object Extraction. Object extraction, or object binding Greff et al.
[2020], learns object-structured representations, where each present object is repre-
sented by a latent vector R?, or slot. All slots form a latent state s;, where no canon-
ical order exists and the order differs in different time steps. This stage implicitly
requires that all objects in I must have been observed during training; at generaliza-
tion time we assume it can provide representations for any individual object. We use
Slot Attention [Locatello et al., 2020] trained with reconstruction loss.

Stage 2: Action Binding. In learning the transition model 7'(s,a) = ¢, we need
to correctly align factorized actions a and object slots s, i.e., understand which action
is controlling the object in each slot. This corresponds to the projection property
required by the homomorphism h : My — M. We design an attention module,
named Action Attention, that learns this purely from interaction (s, a, s’), as shown
in Figure 3.3 (top right).

The attention matrix M € RE*Y is a (jointly learned) binding matrix from slots® s;
(at each time step) to some object identity, represented as an identity matrix Idyyx in
our case. This implements the state-dependent action transformation a,(a), by binding
K actions corresponding to the object slots: g, (a;) = My(s¢)ay = ay, and M, is:

My(s;) = soft}r{nax (\/%k (Idnxn) - q (st)T> : (3.5)

29



where k, q are linear projections mapping to some dimension D, and a; acts as the value
v without further transformation. Intuitively, the object identity specifies a “name”
to factorized actions and can be viewed as a preference for some canonical ordering of
objects in the full MDP M.

Stage 3: Yi-equivariant Transition Modeling. Proposition 3.4 implies that
we only need a ¥ -equivariant transition function for modeling the slot MDP (instead
of ¥y for the full MDP), hence we use a message-passing GNN [Kipf et al., 2019].
Crucially, we only require K < N nodes, and since this leads to message-passing
complexity of O(K?) instead of O(N?), we expect our model to be significantly more
efficient. We also assume that interactions between any objects (slots) can be modeled
by a one-edge network. This can be viewed as an OO-MDP [Diuk et al., 2008] with
only one object class.

Training: Aligned Loss. The binding matrix M, € R¥*Y in Action Binding
relates slots at time t to specific object identities. Thus, we use it to align slots s, and
$¢+1 to the canonical full MDP space as s, and s}, (Figure 3.3 (bottom right)) using
the pseudoinverse: s] = M; 5, s1,; = M} 511, where M;" = (M, M, )" M, € RN*K|
and M;"T(8;, a;) = M, 5141 We jointly train the model with the aligned loss between
K slots, using the object-structured contrastive loss [Kipf et al., 2019]; the positive
part is:

(s}, 51 10) = |NO(M; )50 — MO ()| (3.6)

where NG(-) is no-gradient operation to prevent the shortcut to change the binding
matrix M, outside Action Attention. This forms a differentiable loss and allows us
to train the transition model in latent space, which we call Homomorphic Object-
oriented World Model (HOWM).

Inference: Multi-step prediction in latent space. For multi-step predic-
tion at inference for evaluation, illustrated in Figure 3.3, all slots need to be aligned
with their corresponding actions with learned binding M;, since their ordering is po-
tentially different at all time steps. If aligning slots sequentially with learned M as
T(T (5, ar), MyMai1) = MyM,, 555 and compute difference, it would suffer from
compounding error. Thus, we instead align actions: T'(s;, M, Mya;) = 8411, which
gives preceding slots $;41 (or telescoping for ¢ + k) in the same order as s;. Implemen-
tation details are discussed in the following sections.

We study how compositional generalization is achieved in practice, by using Object
Library and generalization metrics.

3.5.1 Experimental Setup

Environments. We designed two instances of the Object Library, OBJLIB, environ-
ment. They are built upon the 2-D shape version of the Block Pushing environment
Kipf et al. [2019]. (1) Basic Shapes. In the basic case, we equip the environment with
a library of objects L, where objects are different in shape, color, and size. The action

3In practice, we use K + 1 slots to also model the background, as in Slot Attention [Locatello et al.,
2020].
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Table 3.1: Results for all methods on the Shapes environment with K =5 and N =
5,10, 20, 30 (four numbers in each cell). “OM” stands for out of GPU memory, where
we limit the usage to 10GB. We report for memory usage on N = 20.

CG Type Env=Shapes ‘ Eval MRR (%, 1-step) Eval MRR (%, 5-step) ‘ Train MRR (%, 5-step) Gap (MRR %, 5-step) Memory
(1. Exact CG) Sn-CSWM | 100. 100. 99.9 OM 99.9 99.9 99.9 OM | 100. 100. 100. OM 0.0 0.0 01 OM 8.1GB
x-CSWM 100. 80.4 70.8 74.1 99.9 43.7 32.2 29.4 100. 100. 100. 100. 0.1 55.3 67.8 70.6  1.5GB
(2. No guaranteed 0Gy SK-CSWM(CA) [ 950 720 714 809 85.0 26.8 22.7 24.3 96.3 96.5 96.1 98.0 11.3 69.7 73.4 73.7  1.6GB
- O guarantes C-WM(N) 83.6 81.4 25.8 12.9  61.8 55.0 11.2 7.6 88.0 96.6 41.5 33.9 26.2 41.6 30.3 26.2  1.3GB
MONet(N)+BM | 12.6 73.9 35.9 OM 2.0 20.2 55.9 OM 7.0 64.5 84.8 OM 5.0 44.3 20.0 OM  9.3GB
(3. Soft CG) HOWM (ours) | 99.2 98.5 99.7 99.7 92.3 84.2 75.1 81.8 | 97.0 96.9 98.0 98.1 47 12.7 22.9 16.3  3.7GB
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Figure 3.4: Example transitions of Shapes (left pair) and Rush Hour environment
(right pair).

space of each object is identical: (north, south, east, west). (2) Rush Hour.
To verify the importance of action binding, we set each object to have object-specific
action space. This variant is motivated by the game Rush Hour, where each object is
a car and has a (fixed) orientation (only using triangles). It can move relatively to its
orientation: (forward, backward, left, right). For example, if a car faces east,
right will move south. For all variants, the action space is factorized by object and
has fixed order across all scenes.

Methods. We study the compositional generalization (CG) performance of 6 ap-
proaches, under 3 categories:

1. Exact CG: X y-equivariant methods with correct action binding should achieve per-
fect CG. One such method is Xn-CSWM, the model from Kipf et al. [2019] with
N object masks, one for each library object. Object masks and actions are bound
by having the same ordering.

2. No guaranteed CG: To demonstrate the necessity of the three stages in Section 3.5,
we consider methods that either do not have action binding or a Y y-equivariant
transition model. In C-WM(IN), we break Y y-equivariance by replacing the N-
slot GNN and shared encoder with a flat MLP. MONet(IN)+BM builds on the
model from Burgess et al. [2019], which only extracts objects into masks (slots); we
use bipartite matching to align slots s; and s;,1, but not to actions, i.e., there is
no action binding. We also include two variants of CSWM that uses only K slots
(instead of N), but without an explicit binding mechanism: Xg-CSWM assigns
each of the K relevant action factors to slots (but the action may not actually
control the object in the slot), whereas ¥x-CSWM(CA) makes all action factors
available to all slots.

3. Soft CG: Our method, HOWM, achieves soft CG using a K-slot approach by
relying on the learned action binding (see Section 3.5).
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Training and evaluation setup. We follow the setup in Kipf et al. [2019], using 1K
episodes for training (consisting of 10 episodes of length 100, for 100 different scenes),
and 10K episodes of length 10 for evaluation. Additionally, to evaluate compositional
generalization, we ensure that (1) the combinations of objects in training dataset are
different from those of evaluation dataset, and (2) the training data contains all N
objects in the library.

Similar to Kipf et al. [2019], we measure the dynamics prediction error using two
ranking metrics: Hits at Rank 1 (HQ1) and Mean Reciprocal Rank (MRR) Kipf et al.
[2019], averaged over 3 runs. For space, we only report MRR here.

3.5.2 Results and analysis

We compare all methods on the Basic Shapes environment in terms of their gener-
alization performance and scalability, shown in Table 3.1. With sufficient resources,
Y n-CSWM should be the upper bound of performance, since it can achieve perfect CG,
as verified by our results (near-perfect eval MRR, near-zero gap). Both X x-CSWM and
Y x-CSWM(CA) also achieve excellent training performance since they can memorize
the correct action binding in each scene during training; however, when presented with
new scenes in evaluation, the actions may not be bound correctly, leading to worse
eval MRR and a large gap. C-WM(N) lacks ¥ y-equivariance and is significantly worse
during both training and evaluation, even with more parameters. MONet(N)+BM
performs even worse, once again indicating the importance of action binding. Inter-
estingly, it seems to perform better with larger N, but also uses much more resources
due to its X y-equivariant model; like ¥ x-CSWM, it exceeds our memory budget for
N = 30.

HOWM strikes a reasonable middle ground — the training performance (train MRR)
is near-perfect, and generalization performance (eval MRR) is still quite high, though
clearly not perfect. However, in contrast to all other methods except the ¥ y-CSWM
upper bound, generalization is maintained as N increases, and the gap is significantly
smaller. These results demonstrate that our proposed approach is able to achieve good
generalization for intermediate N < 20 while consuming significantly fewer resources,
and can scale to N > 30, unlike the exact X n-CSWM method.

One limitation we observed is that for long-term prediction (> 5 steps), it is still
quite challenging to achieve action binding and compositional generalization for a large
library of objects. One reason is that the learned representation module (Slot Attention
in our case [Locatello et al., 2020]) does not guarantee perfect object representations
across time. This affects both action binding learning (if extracted slots are inaccurate,
actions cannot be bound correctly) and long-term evaluation (if objects are missed at
some step, predictions for all following steps are likely wrong).

In the Rush Hour environment, shown in Table 3.2, the action-binding problem is
more challenging and requires more sophisticated modeling of object-dependent transi-
tion dynamics. We report the evaluation MRR and the generalization gap. As before,
Yn-CSWM acts as an upper bound and performs near-perfectly with near-zero gap;
however, as before, we expect that it will not scale beyond N = 20 with our resource
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Table 3.2: Results on Rush Hour with relative action space, for N = 5,10,20 (three
numbers in each cell).

Env=Rush Hour | MRR (l-step) MRR (5-step) | Gap (MRR, 5-step)

Y n-CSWM | 100. 100. 99.9 99.9 99.8 99.8 | 0.1 0.2 0.
Y -CSWM 100. 66.9 47.6  99.9 29.5 13.7 0.1 66.0 85.0
Y -CSWM(CA) 99.2 55.4 80.2 94.9 15.5 15.8 4.2 84.5 84.2
C-WM(N) 55.5 67.8 80.6  23.7 24.5 45.3 | 48.8 70.7 54.1
HOWM (ours) | 96.7 94.3 98.7 84.3 63.2 65.3 | 11.2 31.1 31.3

budget. All other methods, including HOWM, have worse performance compared to
Shapes. However, HOWM still generalizes significantly better to new scenes for N = 10
and N = 20, whereas performance of other methods declines more steeply.

3.5.3 Visualization

We visualize a model on a sampled transition (s;,as, s;11) with N = 10 and K =
5. Action attention matrices are computed using the states: M;(s;), Myi1(Sey1) €
RN>*(E+1) " The visualized M align with expectation: (1) K present objects are bound
to K slots. (2) the absent N — K objects are randomly assigned to slots (reasonable
since not forced by loss), but they are consistent in ¢ and ¢ 4+ 1 (as forced by loss to
keep N-object s!,s],, embeddings close). Also, the lifted embeddings M, 5;, M} 5,11
are well aligned and have little difference. See the complete paper version for detailed
visualizations.

3.5.4 Comprehensive Experimental Evaluation
Experimental Setup

We design two instances of the Object Library environment to systematically evaluate
compositional generalization:

(1) Shapes Environment: The basic case equips the environment with a library
of objects differing in shape, color, and size. Each object has an identical action space:
(north, south, east, west). This tests compositional generalization with uniform
action semantics.

(2) Rush Hour Environment: To verify the importance of action binding, each
object has an object-specific action space. Motivated by the Rush Hour game, each ob-
ject is a car with fixed orientation that can move relative to its orientation: (forward,
backward, left, right). For example, if a car faces east, right moves south. This
tests compositional generalization with heterogeneous action semantics.

Baseline Comparisons

We evaluate compositional generalization performance across three categories of meth-
ods:
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Table 3.3: Compositional generalization results on Shapes environment. HOWM
achieves strong performance with efficient memory usage.

Method 1-step MRR (%) 5-step MRR (%)
= y-CSWM (Exact) 100.0 99.9
S -CSWM 74.1 29.4
C-WM(N) 12.9 7.6
HOWM (Ours) 99.7 81.8

Exact CG: X y-equivariant methods with correct action binding should achieve
perfect compositional generalization. We compare against X y-CSWM, which uses N
object masks with actions bound by ordering.

No Guaranteed CG: Methods that lack either action binding or Y y-equivariant
transition models:

e C-WM(N): Breaks ¥ y-equivariance by replacing the N-slot GNN with a flat
MLP

e MONet(N)+BM: Uses object extraction into slots but no action binding, re-
lying on bipartite matching for slot alignment

e > ;-CSWM variants: Use only K slots without explicit binding mechanisms

Soft CG: Our HOWM method achieves soft compositional generalization using
learned action binding with K slots.

Results

Table 3.3 shows results on the Shapes environment with K = 5 and varying N &€
{5,10,20,30}. HOWM demonstrates strong compositional generalization, achieving
99.7% accuracy on 1-step prediction and 81.8% on 5-step prediction for N = 30, while
maintaining efficient 3.7GB memory usage compared to the 8.1GB required by exact
methods that run out of memory for large N.

The results demonstrate that HOWM achieves nearly perfect 1-step prediction accu-
racy and maintains strong multi-step prediction performance while being significantly
more memory-efficient than exact methods. The learned action binding mechanism
successfully enables compositional generalization with K < N, confirming our theo-
retical predictions.

On the Rush Hour environment, HOWM'’s action binding mechanism proves crucial
for handling object-specific action spaces, further validating the importance of correctly
associating actions with objects for compositional generalization.

Object-oriented representations are crucial in artificial intelligence and robotics
[Diuk et al., 2008, Wong, 2016]; our framework is related to OO-MDPs [Diuk et al.,
2008] consisting of a single class. Recently, a line of works studies learning to discover

34



objects and their representations end-to-end. MONet [Burgess et al., 2019] applies
sequential attention with VAEs to learn factorized representations. GSWM [Lin et al.,
2020] builds generative models and learns end-to-end with variational inference. Slot
Attention [Locatello et al., 2020] proposes attention at the pixel level, which can be
viewed as soft clustering of pixels of objects. The order of object slots is decided by
randomly initialized cluster centroids.

A object-oriented world model can be learned jointly or separately with object rep-
resentation, using pixel reconstruction (COBRA [Watters et al., 2019], OAT [Creswell
et al., 2021]), variational inference (STOVE [Kossen et al., 2019], OP3 [Veerapaneni
et al., 2020]), or contrastive loss (C-SWM [Kipf et al., 2019], NPS [Didolkar et al.,
2021]). Furthermore, in jointly learning object representations and world models, a
key problem is object binding [Greff et al., 2020]: binding object slots between time
steps, which is typically solved by bipartite matching. In our setup, we emphasize the
importance of correctly binding actions to objects. In video prediction such as [Kipf
et al., 2021], action is not considered and thus has no action binding issue, which is our
key focus and brings the major challenge. Biza et al. [2022] use location-based action
space and learn attention to factorize monolithic actions. It keeps the setup in CSWM
with N = K and does not do compositional generalization in our N > K formalism.

Compositional generalization has been widely studied in deep language models
[Johnson et al., 2017]. It also known as systematic generalization [Bahdanau et al.,
2019], and systematicity [Lake and Baroni, 2018]. Similar to us, Gordon et al. [2019]
also use permutation equivariance to model compositional generalization in supervised
learning on language data. Keysers et al. [2020] propose principles of measuring com-
positional generalization on sentences. A similar concept, compositionality, is usually
referred to in disentangled representation learning. However, it typically focuses on
disentanglement between individual attributes of distributed representations [Higgins
et al., 2018, Caselles-Dupré et al., 2019], while we are more interested in factorization
between (attributes of) objects. There is also work on measuring compositionality
[Andreas, 2019, Chaabouni et al., 2020]. Beyond language, Locatello et al. [2020],
Veerapaneni et al. [2020] learn object-oriented representations, whose compositional
generalization usually refers to factorization by objects. Furthermore, no prior work
considers the difference between present objects K and its “library” N objects, i.e.,
they can only use ¥ y-equivariant model and thus struggle in scaling up.

Symmetries and MDP homomorphisms. Symmetry widely exists in various
real-world data [Bronstein et al., 2021a], and also in MDPs [Ravindran and Barto,
2004]. A line of works in equivariant networks studies equivariance properties of exist-
ing network architectures, such as permutation equivariance in graph neural networks
(GNNs) [Keriven and Peyré, 2019], while some other works study equivariant con-
straints to other symmetry groups [Bronstein et al., 2021a]. In RL, symmetries in
MDPs can be modeled by MDP homomorphisms [Ravindran and Barto, 2004], which
have nice properties such as optimal value equivalence and can be exploited in policy
learning [van der Pol et al., 2020a].
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3.6 Chapter Discussion

This chapter introduced object-centric representations as a foundation for compo-
sitional planning. The Homomorphic Object-oriented World Model (HOWM) ad-
dresses the binding problem—determining which objects are affected by which ac-
tions—through learned attention mechanisms. By factorizing scenes into slots and
learning equivariant transitions, the approach enables generalization to novel object
combinations without retraining. The computational scaling from library size to scene
size (O(N?) — O(K?)) demonstrates how structured representations can make combi-
natorial problems tractable. This principle—that abstracting to the right level enables
systematic generalization—recurs throughout the thesis in different forms.
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Chapter 4

Symmetry as Structure for
Planning

This thesis demonstrates how different forms of compositional structure enable sys-
tematic generalization. While Chapter 3 examined object permutations, this chapter
shows that geometric transformations provide compositional structure for spatial plan-
ning. The insight: when environments exhibit rotational or reflectional symmetry,
solutions are related by the same geometric transformations. A path through a rotated
room is simply the rotated path through the original room. Exploiting this symmetry
reduces planning complexity—we effectively search a space reduced by the symmetry
group size (e.g., 8x reduction for D(4) symmetry).

Model-based planning algorithms can struggle with complex problems, but applying
planning in a structured and reduced space offers a solution [Sutton and Barto, 2018, Li
et al., 2006a, Ravindran and Barto, 2004]. When tasks exhibit symmetry, this structure
can effectively reduce the search space. However, existing planning algorithms often
assume perfect dynamics knowledge and require building equivalence classes, limiting
their applicability [Fox and Long, 1999, 2002, Pochter et al., 2011]. Classical algorithms
like A* require searching symmetric states (NP-hard) with known dynamics [Pochter
et al., 2011, Narayanamurthy and Ravindran, 2008].

Consider path planning on a 2D grid map M. If we rotate the map by 90° to
get g - M, the optimal solution also rotates by 90°. This means SymPlan(g - M) =
g - SymPlan(M) for rotation g € Dy (the dihedral group of rotations and reflections).
Concretely, the action in the northwest corner of the original solution equals the action
in the southwest corner of the rotated solution, after rotating the action direction
by 90°. This symmetry can be observed before solving the task, without requiring
knowledge of optimal policies. Using rotation and reflection symmetry (D(4) group)
reduces the search space by a factor of 8.

Recent work has studied symmetry in model-free deep RL [Mondal et al., 2020,
van der Pol et al., 2020b, Wang et al., 2021]. However, these approaches lack long-
horizon planning ability and only handle pixel-level symmetry (flipping or rotating
observations and actions together). This motivates combining both approaches: can we
enable end-to-end differentiable planning algorithms to exploit environment symmetry?
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We propose Symmetric Planning (SymPlan), which enables planning with sym-
metry in an end-to-end differentiable manner while avoiding explicit construction of
equivalence classes. Our framework draws inspiration from equivariant networks and
geometric deep learning [Bronstein et al., 2021a, Cohen et al., 2020, Kondor and Trivedi,
2018], which view geometric data as signals over a base space. For instance, an RGB
image is a signal mapping Z? — R3. Equivariant networks inject symmetry through
equivariant operations like convolutions, ensuring symmetry properties without explic-
itly considering “symmetric pixels”—avoiding the need to search symmetric states.

Our technical contribution introduces Symmetric Value Iteration Networks (SymVIN).
We prove that value iteration for path planning is a type of steerable con-
volution—enabling us to implement SymVIN by replacing standard 2D convolutions
with steerable convolutions [Cohen and Welling, 2016b]. By embedding D(4) sym-
metry constraints directly into the network architecture, SymVIN guarantees that ro-
tated /reflected inputs produce correspondingly transformed outputs. This architec-
tural constraint provides geometric guarantees—navigation strategies work regardless
of orientation—while significantly improving sample efficiency and generalization to
previously unseen random maps.

This chapter is based on our paper “Integrating Symmetry into Differentiable Plan-
ning with Steerable Convolutions” published at ICLR 2023.

4.1 Background

Markov decision processes. We model the
path-planning problem as a Markov decision pro-
cess (MDP) [Sutton and Barto, 2018]. An MDP is
a b-tuple M = (S, A, P, R,~), with state space S, ﬂ; oo ﬂ;
action space A, transition probability function P :

SxAxS — R, reward function R : S x A — R,
and discount factor v € [0, 1]. Value functions V :
S —Rand @ : S x A — R represent expected fu-
ture returns. The core component behind dynamic
programming (DP)-based algorithms in reinforce- Figure 4.1: (Left) Construction
ment learning is the Bellman (optimality) equation of spatial MDPs from path-planning
[Sutton and Barto, 2018]: V*(s) = max, R(s,a)+ problems, enabling the use of G-
f)/zs, P(S/|8,CL>V* (5’)_ Value iteration is an in- Iinvariant transition models. (Right)
stance of DP to solve MDPs, which iteratively ap- A demonstration of how an action
plies the Bellman (optimality) operator until con- (arrow in red circle) is rotated when
vergence. a map is rotated.

Path planning. The objective of the path-

planning problem is to find optimal actions from every location to navigate to the
target in shortest time. However, the original path-planning problem is not equivari-
ant under translation due to obstacles. VINs [Tamar et al., 2016b] implicitly construct
an equivalent problem with an equivariant transition function, thus CNNs can be used
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to inject translation equivariance. We visualize the construction of an equivalent “spa-
tial MDP” in Figure 4.1 (left), where the key idea is to encode obstacle information
in the transition function from the map (top left) into the reward function in the con-
structed spatial MDP (bottom right) as “trap” states with —oo reward. Further details
about this construction are in Zhao et al. [2023¢c]. In Figure 4.1 (right), we provide a
visualization of the representation m(r) of a rotation r of 0 90°, and how an action
(arrow) is rotated  90° accordingly.

Value Iteration Network. Tamar et al. [2016b] proposed Value Iteration Net-
works (VINs) that use a convolutional network to parameterize value iteration. It
jointly learns in a latent MDP on a 2D grid, which has the latent reward function
R : 7* — RM and value function V : Z? — R, and applies value iteration on that
MDP:

~(k k— l —(k
QW) = Rawj + ZW@VHV( AR mgx@a” (4.1)

The first equation can be written as: Q®) = R® + Conv2D(V*=D; W) where the 2D
convolution layer Conv2D has parameters WV

We intentionally omit the details on equivariant networks and instead focus on the
core idea of integrating symmetry with equivariant networks. We present the necessary
group theory background and our full framework and theory in Zhao et al. [2023¢].

4.2 Method: Integrating Symmetry into Planning
by Convolution

This section presents an algorithmic framework that can provably leverage the inherent
symmetry of the path-planning problem in a differentiable manner.  To make our
approach more accessible, we first introduce Value Iteration Networks (VINs) [Tamar
et al., 2016b] as the foundation for our algorithm: Symmetric VIN. In the next section,
we provide an explanation for why we make this choice and introduce further theoretical
guarantees on how to exploit symmetry.

How to inject symmetry? VIN uses regular 2D convolutions (Eq. 4.1), which
has translation equivariance [Cohen and Welling, 2016a, Kondor and Trivedi, 2018].
More concretely, a VIN will output the same value function for the same map patches,
up to 2D translation. Characterization of translation equivariance requires a different
mechanism and does not decrease the search space nor reduce a path-planning MDP
to an easier problem. We provide a complete description in Zhao et al. [2023c].

Beyond translation, we are more interested in rotation and reflection symmetries.
Intuitively, if we find the optimal solution to a map, it automatically generalizes the
solution to all 8 transformed maps (4 rotations times 2 reflections, including identity
transformation). This can be characterized by equivariance of a planning algorithm
Plan, such as value iteration VI: g.Plan(M) = Plan(g.M), where M is a maze map,
and g is the symmetry group D4 under which 2D grids are invariant.
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More importantly, symmetry also helps training of differentiable planning. Intu-
itively, symmetry in path planning poses additional constraints on its search space: if
the goal is in the north, go up; if in the east, go right. In other words, the knowl-
edge can be shared between symmetric cases; the path-planning problem is effectively
reduced by symmetry to a smaller problem. This property can also be depicted by
equivariance of Bellman operators T, or one step of value iteration: ¢.7 [Vo] = T[g.Vo].
If we use VI(M) to denote applying Bellman operators on arbitrary initialization until
convergence T °[Vp], value iteration is also equivariant:

gVI(M) = g.T>[Vo] = T>[g.Vo] = VI(g9.M) (4.2)

We formally prove this equivariance in Theorem 4.1 in next section. In Theorem 4.2, we
theoretically show that value iteration in path planning is a specific type of convolution:
steerable convolution [Cohen and Welling, 2016b]. Before that, we first use this finding
to present our pipeline on how to use Steerable CNNs [Cohen and Welling, 2016b] to
integrate symmetry into path planning.

Pipeline: SymVIN. We have shown that VI is equivariant given symmetry in path
planning. We introduce our method Symmetric Value Iteration Network (SymVIN),
that realizes equivariant VI by integrating equivariance into VIN with respect to rota-
tion and reflection, in addition to translation. We use an instance of Steerable CNN:
E(2)-Steerable CNNs [Weiler and Cesa, 2021] and their package e2cnn for implemen-
tation, which is equivariant under D, rotation and reflection, and also Z? translation
on the 2D grid Z2. In practice, to inject symmetry into VIN, we mainly need to replace
the translation-equivariant Conv2D in Eq. 4.1 with SteerableConv:

Qék) =R, + SteerableConv(V; WV) V) = max Qék) (4.3)

We visualize the full pipeline in Figure 4.2. The map and goal are represented as
signals M : Z? — {0,1}2. Tt will be processed by another layer and output to the core
value iteration loop. After some iterations, the final output will be used to predict the
actions and compute cross-entropy loss.

Figure 4.2 highlights our injected equivariance property: if we rotate the map (from
M to g.M), in order to guarantee that the final policy function will also be equivalently
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rotated (from A to g.A), we shall guarantee that every transformation (e.g., Qx — Vi
and Vi — Q1) in value iteration will also be equivariant, for every pair of columns.
We formally justify our design in the section below and provide more technical details
in Zhao et al. [2023¢].

Extension: Symmetric GPPN. Based on same spirit, we also implement a sym-
metric version of Gated Path-Planning Networks (GPPN [Lee et al., 2018]). GPPNs
use LSTMs to alleviate the issue of unstable gradient in VINs. Although it does not
strictly follow value iteration, it still follows the spirit of steerable planning. Thus,
we first obtained a fully convolutional variant of GPPN, called ConvGPPN, which in-
corporates translational equivariance. It replaces the MLPs in the original LSTM cell
with convolutional layers, and then replaces convolutions with equivariant steerable
convolutions, resulting in SymGPPN that is equivariant to translations, rotations, and
reflections. See Zhao et al. [2023c¢] for details.

4.3 Theory: Value Iteration is Steerable Convolu-
tion

In the last section, we showed how to exploit symmetry in path planning by equiv-
ariance from convolution via intuition. The goal of this section is to (1) connect the
theoretical justification with the algorithmic design, and (2) provide intuition for the
justification. Even through we focus on a specific task, we hope that the underly-
ing guidelines on integrating symmetry into planning are useful for broader planning
algorithms and tasks as well. The complete version is in Zhao et al. [2023c].

Overview. There are numerous types of symmetry in various planning tasks. We
study symmetry in path planning as an example, because it is a straightforward
planning problem, and its solutions have been intensively studied in robotics and ar-
tificial intelligence [LaValle, 2006b, Sutton and Barto, 2018]. However, even for this
problem, symmetry has not been effectively exploited in existing planning algorithms,
such as Dijkstra’s algorithm, A*, or RRT, because it is NP-hard to find symmetric
states [Narayanamurthy and Ravindran, 2008].

Why VIN-based planners? There are two reasons for choosing value-based
planning methods.

1. The expected-value operator in value iteration ), P(s'|s,a)V (s") is (1) linear in
the value function and (2) equivariant (shown in Theorem 4.1). Cohen et al. [2020]
showed that any linear equivariant operator (on homogeneous spaces, e.g., 2D grid)
is a group-convolution operator.

2. Value iteration, using the Bellman (optimality) operator, consists of only maps be-
tween signals (steerable fields) over Z? (e.g., value map and transition function map).
This allows us to inject symmetry by enforcing equivariance to those maps. For ex-
ample, the 4 corner states of a square map are symmetric under transformations in
D,. Equivariance enforces those 4 states to have the same value if we rotate or flip
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the map. This avoids the need to find if a new state is symmetric to any existing
state, which is shown to be NP-hard [Narayanamurthy and Ravindran, 2008].

Our framework for integrating symmetry applies to any value-based planner with
the above properties. We found that VIN is conceptually the simplest differentiable
planning algorithm that meets these criteria, hence our decision to focus primarily on
VIN and its variants.

Symmetry from tasks. If we want to exploit inherent symmetry in a task to
improve planning, there are two major steps: (1) characterize the symmetry in the
task, and (2) incorporate the corresponding symmetry into the planning algorithm.
The theoretical results in Zhao et al. [2023c] mainly characterize the symmetry and
direct us to a feasible planning algorithm.

The symmetry in tasks for MDPs can be specified by the equivariance property of
the transition and reward function, studied in Ravindran and Barto [2004], van der Pol
et al. [2020a]:

P(s' | s,a) = P(g.5' | g.s,g.a), Yg€ G, Vs, a,s (4.4)
Ru(s,a) = Ry(g.s,g.a), Vg€ G,Vs,a (4.5)

Note that how the group G acts on states and actions is called group representation,
and is decided by the space S or A, which is discussed in Zhao et al. [2023c|. We
emphasize that the equivariance property of the reward function is different from prior
work [Ravindran and Barto, 2004, van der Pol et al., 2020a]: in our case, the reward
function encodes obstacles as well, and thus depends on map input M. Intuitively,
if a position s is rotated to g.s, in order to find the correct original reward R before
rotation, the input map M must also be rotated g.M. See Zhao et al. [2023¢] for more
details.

Symmetry into planning. As for exploiting the symmetry in planning algo-
rithms, we focus on value iteration and the VIN algorithm. We first prove in Theorem
4.1 that value iteration for path planning respects the equivariance property, motivat-
ing us to incorporate symmetry with equivariance.

Theorem 4.1 (informal). If transition is G-invariant, expected-value operatory ., P(s'|s,a)V (s')
and value iteration are equivariant under translation, rotation, reflection on the 2D
grid.

We visualize the equivariance of the central value-update step R + vP x Vj in
Figure 4.3. The upper row is a value field V}, and its rotated version ¢.Vj, and the
lower row is for ()-value fields @), and ¢.Q),. The diagram shows that, if we input
a rotated value ¢.Vj, the output R + vP % g.V}, is guaranteed to be equal to rotated
Q-field ¢.Qy. Additionally, rotating @-field ¢g.Qx has two components: (1) spatially
rotating each grid (a feature channel for an action Q(+,a)) and (2) cyclically permuting
the channels (black arrows). The red dashed line points out how a specific grid of
a @Q-value grid Q(-,South) got rotated and permuted. We discuss the theoretical
guarantees in Theorem 4.1. For full proofs and detailed derivations, please refer to our
ICLR 2023 publication [Zhao et al., 2023c].
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However, while the first theorem provides

intuition, it is inadequate since it only shows
the equivariance property for scalar-valued
transition probabilities and value functions,

and does not address the implementation of

is related to Cohen et al. [2020] that proves
steerable convolution is the most general lin-
ear equivariant map on homogeneous spaces.

VINs with multiple feature channels in CNNs. m
To address this gap, the next theorem fur-
ther proves that value iteration is a general f \ .
form of steerable convolution, motivating the u O 90°
use of steerable CNNs by Cohen and Welling . .@ .
[2016D] to replace regular CNNs in VIN. This L’ J k’. J
()
& Qr 9-Qk j

Figure 4.3: Commutative diagram of a
single step of value update, showing equiv-
ariance under rotations. Each grid in the
@-value field corresponds to all the values
Q(-,a) of a single action a.

Theorem 4.2 (informal). If transition is G-
mvariant, the expected-value operator is ex-
pressible as a steerable convolution x, which
18 equivariant under translation, rotation, and
reflection on 2D grid. Thus, value iteration
(with max, +, X ) is a form of steerable CNN [Cohen and Welling, 20160].

We provide a complete version of the framework and the proofs in Zhao et al.
[2023c]. This justifies why we should use Steerable CNN [Cohen and Welling, 2016b]:
the VI itself is composed of steerable convolution and additional operations (max, +,
x). With equivariance, the value function Z? — R is Dy-invariant, thus the planning
is effectively done in the quotient space reduced by Djy.

Summary. We study how to inject symmetry into VIN for (2D) path planning, and
expect the task-specific technical details are useful for two types of readers. (i) Using
VIN. 1f one uses VIN for differentiable planning, the resulting algorithms SymVIN
or SymGPPN can be a plug-in alternative, as part of a larger end-to-end system.
Our framework generalizes the idea behind VINs and enables us to understand its
applicability and restrictions. (ii) Studying path planning. The proposed framework
characterizes the symmetry in path planning, so it is possible to apply the underlying
ideas to other domains. For example, it is possible to extend to higher-dimensional
continuous Euclidean spaces or spatial graphs [Weiler et al., 2018, Brandstetter et al.,
2021]. Additionally, we emphasize that the symmetry in spatial MDPs is different from
symmetric MDPs [Zinkevich and Balch, 2001, Ravindran and Barto, 2004, van der Pol
et al., 2020b], since our reward function is not G-invariant (if not conditioning on
obstacles). We further discuss this in Zhao et al. [2023¢].
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Figure 4.4: (Left) We randomly generate occupancy grid Z2 — {0, 1} for 2D navigation.
For visual navigation, each position provides 32 x 32 x 3 egocentric panoramic RGB images
in 4 directions for each location Z? — R**32X32X3 " One location is visualized. (Right)
The top-down view (left) is the workspace of a 2-DOF manipulation task. For workspace
manipulation, it is converted by a mapper layer to configuration space, shown in the right
subfigure. For C-space manipulation, the ground-truth C-space is provided to the planner.

4.4 Experiments

We experiment with VIN, GPPN and our SymPlan methods on four path-planning
tasks, using both given and learned maps. Additional experiments and ablation studies
are provided in our ICLR 2023 publication [Zhao et al., 2023c].

Environments and datasets. We demonstrate the idea in four path-planning
tasks: (1) 2D navigation, (2) visual navigation, (3) 2 degrees of freedom (2-DOF)
configuration-space (C-space) manipulation, and (4) 2-DOF workspace ma-
nipulation. For each task, we consider using either given (2D navigation and 2-
DOF configuration-space manipulation) or learned maps (visual navigation and 2-DOF
workspace manipulation). In the latter case, the planner needs to jointly learn a map-
per that converts egocentric panoramic images (visual navigation) or workspace states
(workspace manipulation) into a map that the planners can operate on, as in [Lee et al.,
2018, Chaplot et al., 2021]. In both cases, we randomly generate training, validation
and test data of 10K /2K /2K maps for all map sizes, to demonstrate data efficiency
and generalization ability of symmetric planning. Due to the small dataset sizes, test
maps are unlikely to be symmetric to the training maps by any transformation from
the symmetry groups G. For all environments, the planning domain is the 2D regular
grid as in VIN, GPPN and SPT S = Q) = Z?, and the action space is to move in 4 O
directions': A = (north, west, south, east).

Methods: planner networks. We compare five planning methods, two of which
are our SymPlan methods. Our two equivariant methods are based on Value I[t-
eration Networks (VIN, [Tamar et al., 2016b]) and Gated Path Planning Networks
(GPPN, [Lee et al., 2018]). Our equivariant version of VIN is named SymVIN. For
GPPN, we first obtained a fully convolutional version, named ConvGPPN, and fur-
thermore obtain SymGPPN by replacing standard convolutions with steerable CNNs.
All methods use (equivariant) convolutions with circular padding to plan in configura-

!Note that the MDP action space A needs to be compatible with the group action G x A — A.
Since the E2CNN package [Weiler and Cesa, 2021] uses counterclockwise rotations O as generators for
rotation groups C,,, the action space needs to be counterclockwise O.
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Table 4.1: Averaged test success rate (%) for using 10K/2K/2K dataset for all four

types of tasks.

Method Navigation Manipulation
(10K Data) | 15 x 15 28 x 28 50 x 50 | Visual | 18 x 18 36 x 36 | Workspace
VIN 66.97 67.57 57.92 | 50.83 77.82 84.32 80.44
SymVIN 98.99 98.14 86.20 | 95.50 99.98 99.36 91.10
GPPN 96.36 95.77 91.84 | 93.13 2.62 1.68 3.67
ConvGPPN 99.75 99.09 97.21 | 98.55 99.98 99.95 89.88
SymGPPN 99.98 99.86 99.49 | 99.78 | 100.00 99.99 90.50

tion spaces for the manipulation tasks, except GPPN which is not fully convolutional.

Training and evaluation. We report success rate and training curves over 3
seeds. The training process (on given maps) follows [Tamar et al., 2016b, Lee et al.,
2018], where we train 30 epochs with batch size 32, and use kernel size F' = 3 by
default. The default batch size is 32. GPPN variants need smaller number because

LSTM consumes much more memory.

4.4.1 Planning on given maps

Environmental setup. In the 2D naviga-
tion task, the map and goal are randomly
generated, where the map size is {15, 28,50}.
In 2-DOF manipulation in configuration
space, we adopt the setting in Chaplot et al.
[2021] and train networks to take as input
“maps” in configuration space, represented by
the state of the two manipulator joints. We
randomly generate 0 to 5 obstacles in the ma-
nipulator workspace. Then the 2 degree-of-
freedom (DOF) configuration space is con-
structed from the workspace and discretized
into 2D grids with sizes {18, 36}, correspond-
ing to bins of 20° and 10°, respectively. All
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Figure 4.5: Training curves on 2D navi-
gation with 10K of 15x15 maps. Faded
areas indicate standard error.

methods are trained using the same network size, where for the equivariant versions,
we use regular representations for all layers, which has size |Dy| = 8. We keep the
same parameters for all methods, so all equivariant convolution layers with regular
representations will have higher embedding sizes. Due to memory constraints, we use
K = 30 iterations for 2D maze navigation, and K = 27 for manipulation. We use ker-
nel sizes ' = {3,5,5} for m = {15, 28,50} navigation, and F' = {3,5} for m = {18,36}

manipulation.

Results. We show the averaged test results for both 2D navigation and C-space
manipulation tasks on generalizing to unseen maps (Table 4.1) and the training curves
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for 2D navigation (Figure 4.5). For VIN-based methods, SymVIN learns much faster
than standard VIN and achieves almost perfect asymptotic performance. For GPPN-
based methods, we found the translation-equivariant convolutional variant ConvGPPN
works better than the original one in [Lee et al., 2018], especially in learning speed.
SymVIN fluctuates in some runs. We observe that the first epoch has abnormally high
loss in most runs and quickly goes down in the second or third epoch, which indicates
effects from initialization. SymGPPN further boosts ConvGPPN and outperforms all
other methods and does not experience variance. One exception is that standard GPPN
learns poorly in C-space manipulation. For GPPN, the added circular padding in the
convolution encoder leads to a gradient-vanishing problem.

Additionally, we found that using regular representations (for Dy or C}) for state
value V : Z% — RY (and for Q-values) works better than using trivial representations.
This is counterintuitive since we expect the V value to be scalar Z? — R. One reason
is that switching between regular (for () and trivial (for V') representations introduces
an unnecessary bottleneck. Depending on the choice of representations, we implement
different max-pooling operations tailored to preserve equivariance. We also empirically
found using FC only in the final layer Qx +— A helps stabilize the training. Additional
ablation studies are described in [Zhao et al., 2023c].

Remark. Our two symmetric planners are both significantly better than their
standard counterparts. Notably, we did not include any symmetric maps in the test
data, which symmetric planners would perform much better on. There are several
potential sources of advantages: (1) SymPlan allows parameter sharing across positions
and maps and implicitly enables planning in a reduced space: every (s, a, s’) generalizes
to (g.s,g.a,g.s") for any g € G, (2) thus it uses training data more efficiently, (3) it
reduces the hypothesis-class size and facilitates generalization to unseen maps.

4.4.2 Planning on learned maps: simultaneously planning and
mapping

Environmental setup. For visual navigation, we randomly generate maps using
the same strategy as before, and then render four egocentric panoramic views for each
location from 3D environments produced with Gym-MiniWorld [Chevalier-Boisvert,
2018], which can generate 3D mazes with any layout. For m x m maps, all egocentric
views for a map are represented by m x m x 4 RGB images. For workspace ma-
nipulation, we randomly generate 0 to 5 obstacles in workspace as before. We use a
mapper network to convert the 96 x 96 workspace (image of obstacles) to the m x m
2 degree-of-freedom (DOF) configuration space (2D occupancy grid). In both environ-
ments, the setup is similar to Section 4.4.1, except here we only use map size m = 15
for visual navigation (training for 100 epochs), and map size m = 18 for workspace
manipulation (training for 30 epochs).

Methods: mapper networks and setup. For visual navigation, we imple-
mented an equivariant mapper network based on Lee et al. [2018]. The mapper net-
work converts every image into a 256-dimensional embedding m x m x 4 x 256 and
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then predicts the map layout m x m x 1. For workspace manipulation, we use a
U-net [Ronneberger et al., 2015] with residual-connection [He et al., 2015] as a mapper.
For detailed training procedures and hyperparameters, see [Zhao et al., 2023¢].

Results. The results are shown in Table 4.1, under the columns “Visual” (navi-
gation, 15 x 15) and “Workspace” (manipulation, 18 x 18). In visual navigation, the
trends are similar to the 2D case: our two symmetric planners both train much faster.
Besides standard VIN, all approaches eventually converge to near-optimal success rates
during training (around 95%), but the validation and test results show large perfor-
mance gaps. Complete training curves and detailed analysis are available in [Zhao
et al., 2023c¢]. SymGPPN has almost no generalization gap, whereas VIN does not
generalize well to new 3D visual navigation environments. SymVIN significantly im-
proves test success rate and is comparable with GPPN. Since the input is raw images
and a mapper is learned end-to-end, it is potentially a source of generalization gap for
some approaches. In workspace manipulation, the results are similar to our findings in
C-space manipulation, but our advantage over baselines were smaller. We found that
the mapper network was a bottleneck, since the mapping for obstacles from workspace
to C-space is non-trivial to learn.

4.4.3 Results on generalization to larger maps

To demonstrate the generalization advantage of our methods, all methods are trained
on small maps and tested on larger maps. All methods are trained on 15 x 15 with
K = 30. Then we test all methods on map size 15 x 15 through 99 x 99, averaging
over 3 seeds (3 model checkpoints) for each method and 1000 maps for each map size.
Iterations K were set to v/2M, where M is the test map size (x-axis). The results are
shown in Figure 4.6.

Results. SymVIN generalizes better than VIN,
although the variance is greater. GPPN tends to di-
verge for larger values of K. ConvGPPN converges, o5
but it fluctuates for different seeds. SymGPPN shows
the best generalization and has small variance. In con- N
clusion, SymVIN and SymGPPN generalize better to ., — o \\

—— GPPN .
—— ConvGPPN SN

different map sizes, compared to all non-equivariant  ,, — smee e e e

baselines. » oo © w00
Remark. In summary, our results show that the

SymPlan models demonstrate end-to-end planning and  Figure 4.6: Results for testing

learning ability, potentially enabling further applica- on larger maps, when trained

tions to other tasks as a differentiable component for on size 15 map. Our methods

planning. Additional results and ablation studies are outperform all baselines.

in [Zhao et al., 2023c].

avg_success
7
-
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4.5 Chapter Discussion

This chapter demonstrated how geometric symmetries provide compositional struc-
ture for planning. Symmetric Value Iteration Networks (SymVIN) show that value
iteration itself can be made equivariant through steerable convolutions, not just the
representations. The approach exploits the insight that symmetry constraints reduce
the hypothesis space while preserving optimality—the quotient MDP framework guar-
antees that symmetric states share the same optimal value, enabling generalization to
rotated and reflected environments without additional training.
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Chapter 5

E(2)-Equivariant Graph Planning
for Navigation

Chapter 4 demonstrated D(4)-equivariant planning on regular grids, but real-world
navigation requires handling continuous spaces with irregular obstacles and complex
topologies. This chapter extends symmetry-aware planning from discrete lattices to
continuous environments through E(2)-equivariant message passing on geometric graphs.

The key challenge is maintaining equivariance guarantees when transitioning from
regular grids to irregular graph structures. While grid-based methods use translation-
equivariant 2D convolutions [Tamar et al., 2016b], geometric graphs require different
approaches. We address this using geometric graphs [Bronstein et al., 2021b, Brand-
stetter et al., 2021] where nodes represent states at arbitrary positions x; € R? and
edges represent feasible transitions. The Euclidean group E(2) = R? x O(2) captures
both translations and rotations/reflections that preserve navigation optimality.

Our technical contribution introduces Message Passing Value Iteration Networks
(MP-VIN) that maintain E(2)-equivariance through steerable message passing [Weiler
and Cesa, 2021, Cohen and Welling, 2016b]. For translation equivariance, we use rela-
tive positions &; —2; in message computation. For rotation/reflection equivariance, we
employ steerable kernels that satisfy K(gz) = pout(g) o K(x) o pim(g)~! for group ele-
ments g € O(2). This ensures that rotating the environment produces correspondingly
rotated value functions and policies.

A practical challenge is multi-camera fusion: robots typically have cameras at fixed
angles (e.g., 4 cameras at 90° intervals), but continuous rotation symmetry requires
handling arbitrary angles. We develop learnable equivariant layers that lift discrete
camera features to continuous group representations using the induced representation
Resg, [05,]. This enables E(2)-equivariant planning even with discrete sensor configu-
rations.

Experiments on grid worlds, graph worlds, and Miniworld environments demon-
strate that MP-VIN with R? x Dg symmetry achieves 91.5% success on 15x15 grids
and 96.96% on graph-based navigation, significantly outperforming non-equivariant
baselines. The approach scales from structured grids to unstructured geometric graphs
while preserving symmetry guarantees.
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This chapter is based on our paper “E(2)-Equivariant Graph Planning for Naviga-
tion” published in IEEE Robotics and Automation Letters 2024.

5.1 Related Works

Geometric deep learning. Geometric deep learning and equivariant networks extend
the study of classic 2D translation-equivariant convolution neural networks into more
symmetry groups and spaces [Bronstein et al., 2021b, Cohen and Welling, 2016a]. Co-
hen and Welling [2016a] propose group convolution network (G-CNN), a pioneer work
that studies rotation symmetry, followed by an extension to steerable convolution,
Steerable CNN [Cohen and Welling, 2016b]. It has also been extended to the 3D case
[Weiler et al., 2018] and supported by a library in E(2) [Weiler and Cesa, 2021]. For
graphs, equivariant message passing uses equivariant multilayer perceptrons (MLPs)
to propagate geometric quantities between nodes to preserve the symmetry [Satorras
et al., 2021, Brandstetter et al., 2021]. Different from E(3)-equivariant message pass-
ing in [Brandstetter et al., 2021], we work on E(2) case. Additionally, the relationship
between geometric graphs and dynamic programming or value iteration has been dis-
cussed in [Xu et al., 2019, Dudzik and Velickovi¢, 2022]. The theory on equivariant
networks has also been well developed based upon representation theory of symmetry
groups [Kondor and Trivedi, 2018, Cohen et al., 2020, Lang and Weiler, 2020]. In
practice, equivariant networks enable sharing parameters and reduce the number of
parameters.

Equivariance in RL and planning. Symmetry and equivariance have been
studied in reinforcement learning and planning before and in the era of deep learning
[Fox and Long, 1999, 2002, Pochter et al., 2011, Shleyfman et al., 2015, Sievers et al.,
2015, Sievers, Winterer et al., Roger et al., 2018, Sievers et al., 2019, Fiser et al., 2019].
Invariance of the optimal value function and equivariance of the optimal policy of a
Markov Decision Process (MDP) with symmetry have been shown in Ravindran and
Barto [2004], Ravindran and Barto, Zinkevich and Balch [2001]. When using function
approximation, equivariant policy networks and invariant value networks have been
used to improve training efficiency in model-free RL [van der Pol et al., 2020a, Mondal
et al., 2020, Wang et al., 2021], and equivariance also helps in transition model and
model-based RL [Zhao et al., 2022a, Park et al., 2022, Zhao et al., 2022b, 2023a].

Learning to navigate. In real-world robotic applications, navigation within a
2D Euclidean space involves a significant consideration of symmetry. This is due to
the property that the distance to a goal remains constant regardless of the robot’s
orientation. Consequently, it follows that the optimal course of action, with respect to
orientation, remains consistent. In this paper, we aim to investigate a particular class of
navigation algorithms that rely on Value Iteration Network (VIN) [Tamar et al., 2016b]
and its variants [Lee et al., 2018, Zhao et al., 2022b, 2023b, Zhao and Wong, 2020]. The
selection of VINs is motivated by the fact that value iteration is fully differentiable and
inherently encompasses an equivariant convolution [Zhao et al., 2022b]. The closest
works to ours are from Ishida and Henriques [2022] and Gupta et al. [2017], which
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leverage VIN to address robot navigation. Ishida and Henriques [2022] propose several
improvement techniques of the original VIN to better fit real-world deployment. Gupta
et al. [2017] solves mapping and planning simultaneously, and achieve proof-of-concept
on a real-world Turtlebot. While these approaches contribute to adapting VIN to real-
world applications, they still operate on a structured grid by discretizing the continuous
state space. This sacrifice the agility of navigation and makes it hard to scale to the
larger environment due to memory and computational constraints. Prior to us, Zhao
et al. [2022b] improve VIN with symmetry on the 2D grid Z2. In this paper, we extend
the symmetry-based planning to the 2D plane R?, enabling navigation in more realistic
unstructured environments.

5.2 Problem Formulation: Navigation as Geomet-
ric Graphs

In this section, we give a definition of the
navigation problem studied in this work
and discuss symmetry in the definition.

Overview. We construct a geometric
graph [Bronstein et al., 2021b, Brandstet-
ter et al., 2021] to represent the naviga-
tion MDP. The goal is to learn a planner
that reaches targets on the graph: a;, =
plan,y(s;). We focus on global planning:
given navigation task (and all image obser-
vations) as a feature field/map M, we out- Figure 5.1: Illustration of rotation equivari-
put action field A = Plang(M). The im- ance. We use the blue arrow to show the
plementation of equivariance is introduced orientation of the robot. Rotating the robot
in the next section. O 90° is equivalent to rotating the world

Definition. We approach navigation frame O 90°. When camera views are cycli-
as a 2D continuous path planning problem, cally permuted, action output (red arrow) is
an extension to the 2D discrete grid version {HrrsieRMse Hy FPﬁ?ﬁicﬂneW%tlﬂXQOmb, Zhao
et al., 2022b]. We extend 2D grids to the use of geometric graphs (spatial graphs)
G = (V,€) on 2D Euclidean space R?. In navigation tasks, the agent observes a state
sy € S at each step, and the action is to move on the 2D plane a; € A = R2. States
can represent a 2D position in R? or egocentric panoramic images in RE*#*W (where
K denotes the number of images of resolution H x W). To convert the task into a
geometric graph, each node v; € V corresponds to a state s € § and is associated with
a node feature h; (such as images) and has a position x; € R?. Similarly, each edge
e;; € € corresponds to a state-action transition (s,a) € S x A and has an edge feature
a;; € Re,

Geometric Structure. Such MDP naturally exists geometric structure: the MDP,
modeled as a geometric graph, “lives” in a 2D Euclidean space, and we may transform
the graph via 2D Euclidean transformations that preserve distances (isometric) and

1 Plan

Plan 1 & 90°

a=(0,-1) = g-.a=(1,0)

51



do not affect optimal solution of the MDP [Ravindran, van der Pol et al., 2020b, Zhao
et al., 2022b]. The set of all such transformations in 2D is called Fuclidean group E(2),
which can be uniquely decomposed into translation part R? and rotation /reflection part
O(2), denoted as semi-direct product E(2) = R? x O(2) [Cohen and Welling, 2016a,
Weiler and Cesa, 2021]. We only require the node features h and edge features a are
transformable by G < E(2). Following the notation in [Weiler and Cesa, 2021], we
denote the rotation/reflection symmetry part as compact symmetry group G < GL(2),
because translation group is not compact and many useful theorems do not hold. In
implementation, translation equivariance is achieved by using relative position. For any
subgroups G of rotation /reflection, its equivariance needs group convolution [Cohen and
Welling, 2016a] or steerable convolution [Cohen and Welling, 2016b].

Value Iteration and Symmetry. Our planning is based on value iteration,
a dynamic programming algorithm on solving optimal value and policy functions in
MDPs [Sutton and Barto, 2018]. When symmetry appears in an MDP, the value and
policy functions are equivariant [Ravindran, Ravindran and Barto, van der Pol et al.,
2020b, Zhao et al., 2022b].  Abstractly, we can write value iteration as iteratively
applying the Bellman operator 7, defined by:

Q(s,a) := R(s,a) —i—/

RQ

ds'P(s' | s,a)V(s'), V(s)= mgx@(s, a) (5.1)

where the input and output of the Bellman operator are both value function V : § — R.
Zhao et al. [2022b] explore the equivariance of it for 2D grid case:

VIIM) =T Vol, g-VIIM)=g-T>[W =T>[g- Vo] =VI(g- M) (5.2)

Symmetry Transformations. The equivariance constraints enforce equivalence
between transformed and original input/output [Cohen and Welling, 2016a,b, Lang and
Weiler, 2020]. Thus, we need to understand how to transform feature maps (fields) of
the geometric graphs. Under group transformation g, a (left) regular representation
transforms a feature map with c,,-dimensional vector (vector field) f : X — Rt as
[Cohen and Welling, 2016b, Lang and Weiler, 2020, Bronstein et al., 2021b]:

[Lof] () = [fog™"] (2) = pout(9) - [ (¢ '), (5.3)

where poy¢ is the G-representation associated with output R%. For the scalar value
map, pout is identity, or trivial representation. For example, for action feature map
A : R? — R? (ie., every position & € R? is associated with a relative movement).
There are several useful functions in RL and planning that can be written as graph
features, where functions on S are node features and functions on & x A are edge
features. Note that M and A are vector map thus their fiber (vector) needs additional
transformation. When A is continuous action, p_4 is rotation matrices. For image-input
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(Iterating)

(%, 9,0) - (xhy) . (xhq) (Az, Ay)
MP MP MP
-— -— -—
R? R? R? R?
Navigation Input M Value Map Vj, Q-Map Q Action Map A

Figure 5.2: Overview of the pipeline. The planner first takes input of the navigation task,
representation by feature map M, and apply value iteration to iterate between @ and Vj
until convergence, and output action map A (relative translation for each node).

case of M, peamera(g) means cyclically permuting cameras, discussed next section.

Navigation Input M : & — R W o era(9) - M(s:) = M(ps(g) - 81) (5.4)

Reward Map R:Sx A—R: R(st,at) = R(ps(g) - st,pa(g) - ar)
(5.5)

@-Map Q:SxA—=R: Q(st,ar) = Qps(9) - 8¢, palg) '(a't))

5.6

Value Map V:S — R: V(sy) =Vi(ps(g) - st) (5.7)
Action Map A:S8 — RM - palg) - A(sy) = Alps(g) - st) (5.8)

5.3 Methodology: Equivariant Message Passing for
Value Iteration

Following the spirit of VIN [Tamar et al., 2016b], we build a geometric message
passing (MP) network and extend to learning value iteration on geometric graphs:
A = Plany(M). As it takes as input feature map M and outputs action map A that
are both transformable under the group, we enforce equivariance constraints through-
out the MP network: g- A = Plang(g- M). The visualization of equivariance is shown
in Figure 5.1, and the overview of the pipeline is shown in Figure 5.2.
Discretization to Graph. In regular grid, we can use regular 2D convolution to
perform value iteration, as done in VIN [Tamar et al., 2016b]. However, for irregular
graph, grid does not fit anymore. A prior work [Niu et al., 2017] use an earlier version
of graph convolution, but it only has R? translation equivariance and did not consider
rotation or reflection O(2) symmetry. Here, we derive from first principles using the
original continuous form of value iteration. The integral term in VI can be written as
a mapping ¢
h/(x) = ®[h)(x) = K(x,x')h(x'), (5.9)
RZ
where K : R? x R? — Reu>cn h : R2 — R% and A’ : R2 — R% are input and
output feature map. If translation equivariance is desired, the kernel can be further
simplified from two-argument to one-argument case, and the mapping is convolution
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[Cohen et al., 2020, Zhao et al., 2022b]. The continuous steerable convolution is defined
(via cross-correlation) by [Cohen and Welling, 2016b, Weiler and Cesa, 2021, Lang and
Weiler, 2020]:

h'(x) = ®h|(x) = [Kxh] = | K(x' —x)h(z'), (5.10)
RQ
where K : R? — R%u*¢in ig a (steerable) kernel.

If we sample nodes in R? and construct edges by transition S x A, the continuous
convolution on R? can be discretized, which is similar to strategy of PointConv [Brand-
stetter et al., 2021] '. We use nonlinear message passing to replace linear convolution.
We use two MLP for computing messages (propagate,) and updating node features
(update,), and the basic form is given by

m,;; = propagate, (h;, h;, z;,x;), h;=update, | h;, Z my; | . (5.11)
JEN(3)

Implementation of Equivariance. We implement E(2)-equivariant message
passing on the graph that is equivariant under two parts:

e Translation R?. The translation group is non-compact because it is not bounded.
There are several possible ways: (1) using relative position [Brandstetter et al., 2021],
(2) induced representation from SO(d) to SE(d) [Cohen and Welling, 2016b, Cohen
et al., 2020, Lang and Weiler, 2020], (3) canonalization to a fixed origin [Weiler and
Cesa, 2021, Lang and Weiler, 2020], etc. We use relative position between nodes
x; — x; as input, which is analogous to translation-equivariant 2D convolution:

m; = propagate, (h;, hj, x; — x;). (5.12)

e Rotation and Reflection O(2). We use steerable equivariant network to implement
O(2)-equivariance [Cohen and Welling, 2016b,a, Weiler and Cesa, 2021, Brandstetter
et al., 2021, Cohen et al., 2020]. The O(2) group is compact and thus its representa-
tions are decomposable into irreducible representations [Weiler and Cesa, 2021, Lang
and Weiler, 2020], thus convolution can perform on Fourier domain and be more ef-
ficient. We use it to build equivariant MLPs of propagate and update (effectively
1 x 1 convolution). The kernel K of G-steerable convolution needs to satisfy con-
straint [Weiler and Cesa, 2021, Lang and Weiler, 2020], where G can be any (discrete)
subgroup of O(2):

K(g92) = pout (9) 0 K(z) 0 pin (9)' Vg€ G <0O(2),2 € R%. (5.13)

Equivariance of the message passing version of value iteration can be shown (see
the complete paper version for the formal proof).

IBrandstetter et al. [2021] discuss other strategy for 3D steerable messsage passing, which expands
the feature maps to spherical harmonics. Analogously, it is possible to expand the features to cyclic
harmonics.
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Theorem 5.1. The Bellman operator is equivariant under Euclidean group E(2).

Processing Multi-camera Images. One technical challenge to consider equiv-
ariance in real-world navigation is that, normally, a robot is equipped with evenly
distributed cameras in 360°, such as 4-camera in 90° or 6-camera in 60°. However,
the symmetry group we consider is not necessarily “compatible” with the images. For
example, if the planner g - A = Plany(g - M) is required to be G-equivariant, such as
G = (g (45° rotation group), a 45° rotation of action needs to correspond to a 45°
rotation of robot orientation *. However, we do not have camera images for such case
without interpolation. As shown in Figure 5.1, we can only cyclically permute four
camera views.

More concretely, recall the number of cameras/images for each position € R? in
M is K, so the multi-view image I = (Iy, ..., Ix) belongs® to REX#*W For example,
if K =4, we write it as I = (I, I3, I3, I;). For this particular case, rotating a robot can
only be 90° - k rotations from Cy (cyclic group with #27/4 rotations), which corresponds
to cyclically permuting images in I (by regular representation) of Cy: preg(O 90°) - I =
Preg (O 90°) - (I, 1o, I3, In) = (Iu, I1, I5, I3).

However, this blocks us from using higher-order symmetry G in later planning
network. To this end, we propose using a trainable equivariant layer to [lift the H-
features to G-features, which is to induce how multi-view images I = (I, ..., Ix) are
transformed under a larger group® G > H. Such induction layer needs to satisfy the
steerable kernel constraint with input and output representation:

Pin = Pras s Pout = Resgy [pig] . K(0) = Resg, [ptig] (9) - K(0) - pi(971),9 € Cre,

(5.14)
where py, is (e.g., regular) representation of C and poy is restricted representation of
(e.g., regular) representation of SO(2) to Ck. The restricted representation limits the
equivariant constraints to only the subgroup H = Ck. See the complete paper version
for mathematical details.

Intuitively, this layer only enforces H-equivariant (H = C) but not G: cyclically
permuting images O 90° should result in O 90° rotated output. However, it outputs
G-equivariant features, thus proceeding layers are able to apply G-equivariance. In
implementation, we use discrete subgroup such as Dg < O(2), since continuous groups
do not have finite-dimensional regular representation to permute I = (Iy,...).

5.4 Experiments

We evaluate our proposed approach MP-VIN and baselines on four different tasks.
Among these tasks, we perform point goal navigation under different environments:

20ne solution for D4 group is to use quotient representations, but it not generally applicable for
higher-degree rotations such as Dg or infinitesimal rotations SO(2).

3We omit image channel for notation simplicity, such as RGB channels.

4This requires C to be a subgroup of G, which is always the case for G = SO(2) and for G = C-
or Dk when K’ is divisible by K.
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known structured environments (Grid World), known unstructured environments (Graph
World), unknown structured environments (Miniworld), and unknown unstructured
environments (Miniworld-Graph). For more general details regarding our experiment
setup, please see the complete paper version.

Methods. We experiment four variants of our methods, with or without translation
(R?) or rotation/reflection (using G = Dg < O(2)) equivariance: No-Sym, Dg, R?  and
R? x Dg. We use two grid-based methods: VIN Tamar et al. [2017] and SymVIN
Zhao et al. [2023¢| (with Dy-equivariance). These methods are grid-based; therefore,
we apply several modifications, including pre-processing and post-processing, to ensure
fair comparisons. These modifications are detailed in the later sections. We also replace
and compare our message passing module with the Graph Convolutional Networks Kipf
and Welling [2017] (GCN-VIN) and Graph Attention Networks Velickovi¢ et al. [2018]
(GAT-VIN).

5.4.1 Planning on known maps: Grid World

Setting. In this task, we randomly generate synthetic mazes with size m x m (Grid
World). We validate the performance on two different sizes m € {15,27}. Each cell on
the maze map is represented as occupied (0) or unoccupied (1). There are four actions
available for each cell on the map: north, east, west, and south. We randomly select a
goal on the map and generate a goal map, where the cell containing the goal is marked
as 1. Each cell is labeled by the ground-truth action toward the goal using Dijkstra’s
algorithm.

To adapt the grid world setting to our approach, we transform the grid represen-
tation into the graph representation Niu et al. [2017], in which each cell in the grid
corresponds to a node in the graph. Concretely, each node contains a four-dimensional
feature vector R*. The first two elements represent the location of the corresponding
cell in the grid world. The third element represents whether the node is an obstacle,
and the fourth element represents whether the node is the goal. This could be viewed
as a graph version of the maze map and the goal map in the grid-based methods. The
edge connections between nodes follow the adjacency in the grid, whereas each node is
connected with its neighbors on the grid.

Results. MP-VIN with R? x Dg symmetry demonstrates faster learning efficiency
than its graph-based variants and VIN (the left of Fig. 5.3). We surprisingly find that
MP-VIN with R? x Dg has much smoother learning curves than its variants without
Dg symmetry (R? and No-Sym). This indicates that injecting Euclidean symmetry
may improve the loss landscape. In terms of absolute performance gain, by adding Dg
symmetry to MP-VIN with R?, we obtain another 0.69% and 12.07% success rate on the
15 x 15 and 27 x 27 mazes, respectively. However, it is still outperformed by Sym-VIN,
which uses a convolutional neural network (CNN) to process the input. We believe the
CNN takes advantage of the structured environment (grid) and is more efficient in such
scenarios than a GNN, which operates in a more expressive unstructured environment
(graph).

When the map size increases, MP-VIN with R? x Dg symmetry demonstrates the

56



Grid World (15 x 15) Grid World (27 x 27) Graph World (128 nodes) Graph World (256 nodes)
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Figure 5.3: Learning curves on the Grid World experiments (left two) and the Graph World
experiments (right two). The shadow area shows the standard error. Dashed lines are for

non-MP-VIN methods (VIN, SymVIN, GCN-VIN, and GAT-VIN).

second-least performance degradation. Therefore, leveraging Euclidean symmetry also
leads to better generalization to larger maps.

5.4.2 Planning on known graphs: Graph World

Setting. We validate the performance of our approach in unstructured graph envi-
ronments (Graph World). We follow the setup of Niu et al. [2017] to generate the
random graphs. We randomly generate N nodes, each with coordinates between (0, 0)
and (m,m). These nodes are connected using a KNN graph. We randomly select some
nodes as the obstacle nodes, and one node as the goal node.

To verify the performance of grid-based approaches in Graph World, we discretize
the environment Niu et al. [2017]. We round down the coordinates of each node to map
it to a cell on the grid. The obstacle feature is carried over to the grid. Ultimately, we
verify its performance on the graph by transforming the discrete actions into continuous
actions (represented in [z, y] coordinate). For example, north is transformed into [1, 0],
and east is transformed into [0, 1]. See the complete paper version for more details
regarding discretization and action representations.

Results. MP-VIN with R? x Dg symmetry demonstrates the strongest performance
in this task (Fig. 5.3). We observe a similar faster learning efficiency and smoother
learning curve in this task as in the Grid World setting. Since the graph world is
more complex than the grid world, all methods encounter performance degradation.
Grid-based methods encounter the largest drop since CNN struggles to process the
unstructured environments.

5.4.3 Mapping and planning under unknown maps: Mini-
world

Setting. We compare different methods in a more challenging visual environment

(Miniworld), where the models learn mapping and planning simultaneously. We lever-

age the Miniworld simulator Chevalier-Boisvert [2018] to render the randomly gener-
ated maze into a 3D visual environment. Different from the Grid World, we are not
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Table 5.1: Averaged test success rate (%) and standard deviation for our experiments. The

best result is bolded. The second-best result is underlined.

Method Grid World Graph World Miniworld
15 x 15 27 x 27 ‘ 128 nodes 256 nodes ‘ Grid Graph

VIN [Tamar et al., 2016b] 78.51+1.81  50.15+3.94 | 18.75+1.95  20.09+6.87 | 57.14+8.92  18.90+2.87
SymVIN [Zhao et al., 2022b] | 95.85+5.02 93.73+7.33 | 24.40+2.11  27.53+473 | 91.67+2.58 27.9844.34
MP-VIN (No Sym) 87.07+453  55.99+39.56 | 63.10+17.26 54.76+320 | — -
MP-VIN: Dg 87.19+2.78  38.53+16.17 | 52.38+5.02  32.89+3.47 | — —
MP-VIN: R? 90.81+1.02  72.45+31.94 | 70.24+269  58.33+5.93 | 79.76+24.06 96.58+2.46
MP-VIN: R? x Dg 91.50+1.04  84.52+6.04 | T2.17+508 61.90+533 | 90.89+1.63  96.96-+1.00

given a map in this experiment. Instead, we use egocentric RGB observations. For
each cell in the maze environment, we obtain the RGB images from the cameras facing
four orientations (0°, 90°, 180°, 270°). We transform the dataset into a graph using
the same approach as mentioned in Sec. 5.4.1. In order to estimate the map of the
environment, we encode the visual observations into occupancy features using a map-
per network Lee et al. [2018], Chaplot et al. [2021], Zhao et al. [2022b]. The details
regarding the mapping network are in the complete paper version.

Results. Since this task is based on a 15 x 15
grid using visual observations, the experiment results
are similar to the Grid World. MP-VIN with R? x Dg
symmetry demonstrates higher learning efficiency than
MP-VIN with only R? symmetry and VIN. However,
every method faces a performance drop due to the
mapping uncertainty. We observe that the perfor-
mance gap of MP-VIN with R? x Dg symmetry (0.61%)
is lower than that of SymVIN (4.18%). Therefore, the
performance gap between MP-VIN with R? x Dg sym-
metry and SymVIN becomes narrower.

5.4.4 Mapping and planning under
unknown graphs: Miniworld-Graph

While Miniworld is a 3D-rendered visual environment,
the state and action spaces are still discrete (grid-
based). To show real-world feasibility, we aim at a
more realistic setting in this experiment.

Setting. We sample random navigation graphs
(256 nodes) in the Miniworld environment. The edges
between nodes represent navigability. Like the Mini-
world experiment in Section 5.4.3, each node contains

Miniworld
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—— MP-VIN: B*XDg === SymVIN
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Figure 5.4: Learning curves
on the Miniworld experiment
(top) and Miniworld-Graph ex-
periment.

a panoramic egocentric RGB observation facing four directions. We use a similar map-
per to estimate the map from the visual observations. Differently, we estimate the
occupancy graph instead of the occupancy grid. More details are in the complete
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paper version.

Results. Similar to the Miniworld experiment on grid representation, we observe
the MP-VIN with R? x Dg symmetry has higher learning efficiency than MP-VIN with
only R? symmetry. Grid-based approaches suffer in this task since it is hard for CNN to
process the expressive unstructured environment, also indicated in the previous Graph
World experiment. In both Miniworld experiments, we observe that MP-VIN with
R? x Dg symmetry has a much smoother learning curve and lower variance than MP-
VIN with only R? symmetry. This indicates that by adding R? symmetry, we could
further optimize the network with better stability.

5.5 Conclusion and Discussion

In this paper, we explored the applicability of exploiting Euclidean symmetry within
the context of a navigation planner. We contributed a novel equivariant differentiable
planner. The effectiveness of the proposed approach is extensively assessed across four
distinct tasks involving structured and unstructured environments, with known and un-
known maps. The empirical findings demonstrate a significant enhancement in learning
efficiency when Euclidean symmetry is integrated into 2D navigation planning. Fur-
thermore, the results indicate that leveraging Euclidean symmetry yields more stable
optimization and yields superior overall performance. In the future, we hope to extend
our work to navigation task that has higher dimension, such as semantic navigation
Liang et al. [2021], Chaplot et al. [2020], Chang et al. [2020] and Vision-and-Language
navigation Anderson et al. [2018], Tellex et al. [2020].

5.6 Limitation

While we focus on study equivariance in the graph variant of VIN, there exists limi-
tations. Inheriting from VIN, our message passing planner also considers only fully-
observable states and take observations of all states as input at once Tamar et al.
[2016D], Lee et al. [2018], Zhao et al. [2022b], which is impractical in large-scale real-
world navigation. One potential solution is to partial observation, as done in [Ishida
and Henriques, 2022]. However, we develop based on VIN variants because we de-
rive that value iteration is a form of (graph) convolution network [Zhao et al., 2022b].
We believe the understanding of symmetry in VIN-based navigation is a valuable step
before moving to more realistic navigation algorithms.

5.7 Chapter Discussion

This chapter addressed the limitation that real environments rarely conform to reg-
ular grids. Message Passing Value Networks (MPVN) extend the symmetry-aware
planning of Chapter 4 to geometric graphs with irregular connectivity. The approach
combines graph neural networks with E(2) equivariance, enabling planning over spatial
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structures like building layouts and road networks. The multi-camera fusion compo-
nent shows how equivariant principles handle practical sensor configurations—different
camera arrangements viewing the same scene should produce consistent plans. This
progression from grids to graphs demonstrates that compositional abstractions with
symmetry constraints apply across different spatial representations, from discrete lat-
tices to continuous geometric structures.
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Chapter 6

Extensions and Variations (Part I)

This chapter demonstrates the ideas of learning for decision-making with structure
through extensions that push to more generalized settings.

The first extension tackles continuous action spaces through equivariant sampling.
While the previous chapters applied symmetry to planning with discrete states, real
robots must select from continuous action distributions. We show that the same geo-
metric principles—equivariance and group structure—apply to sampling-based control.
This generalizes the idea beyond discrete actions.

The second extension explores spatial maps as an alternative to object-centric ab-
stractions. Not all environments decompose naturally into objects—sometimes the
space itself is the abstraction. Maps provide hierarchical compositional structure
where local features compose into rooms, rooms into buildings, and buildings into
environments. This complements our object-based approach and points toward hybrid
representations that combine both perspectives—a key direction for integrating with
foundation models that excel at both object recognition and spatial understanding.

These extensions demonstrate how structured learning principles adapt across dif-
ferent problem settings. As foundation models show increasing capability in spatial
reasoning and perception, structured approaches provide formal frameworks to guar-
antee properties like equivariance and compositional generalization that pure learning
approaches cannot ensure.

6.1 Extending to Continuous Control: Equivariant
Action Sampling

While the previous chapters explored symmetry-aware planning in discrete environ-
ments and deterministic policies, modern model-based reinforcement learning algo-
rithms operate in continuous action spaces where sampling-based optimization becomes
essential. The transition from discrete to continuous control presents a fundamental
challenge: how can we maintain the equivariance guarantees that proved so valuable in
discrete settings when actions must be selected through sampling-based optimization?

This section addresses a critical gap in extending symmetry-aware planning to
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model-based RL with continuous actions. Unlike the discrete action spaces of Chap-
ters 4 and 5 where we could enumerate all possibilities, continuous control requires
sampling-based methods like Model Predictive Path Integral (MPPI) control and Cross-
Entropy Method (CEM) to explore the infinite action space. These sampling-based ap-
proaches are at the heart of state-of-the-art model-based RL algorithms like TD-MPC,
yet their integration with symmetry principles has remained largely unexplored.

The fundamental challenge with sampling-based action selection lies in the finite-
sample regime. While existing sampling methods can theoretically maintain symmetry
in the limit of infinite samples, practical implementations with finite samples only ap-
proximate these symmetries. This approximation breaks the exact equivariance guar-
antees that are essential for leveraging the benefits of symmetric reinforcement learning
methods, such as improved sample efficiency and generalization.

In this work, we address this challenge by developing a novel sampling strategy
that preserves symmetry properties exactly, even with finite samples. We formulate
the action optimization problem as a two-step procedure where neural networks first
estimate the performance of state-action pairs through energy functions or Q-values,
and then sampling is employed to identify optimal actions. Our investigation reveals
the equivariance properties inherent in this formulation and demonstrates how they
can be preserved through principled sampling techniques.

6.1.1 Geometric MDPs and Problem Definition

To formalize our approach, we introduce the concept of Geometric Markov Decision
Processes (GMDPs). A GMDP extends the standard MDP framework by explicitly
embedding the state and action spaces within geometric spaces such as R? or R?. These
embedded spaces naturally exhibit symmetries under Euclidean groups E(2) or E(3),
which include translations, rotations, and reflections.

As a foundational case study, we examine the coordinate regression problem where
an agent must select coordinates (x,y) in a 2D space to minimize the distance to a
target location. This problem naturally exhibits E(2) equivariance: if we rotate the
target location, the optimal action should undergo the same rotation. This simple yet
illustrative example captures the essence of the symmetry preservation challenge in
continuous control.

The action optimization process in our framework consists of two distinct steps.
First, a neural network estimates an energy function E(s, a) that quantifies the quality
of state-action pairs. Second, we employ sampling to identify the action that minimizes
this energy function. For the overall procedure to maintain equivariance, both steps
must individually preserve the symmetry properties of the underlying problem.

For the motivating coordinate regression task, we require that the sampling algo-
rithm be equivariant:

agp = arg main E(sg,a) (6.1)

In other words, if we rotate the state so — ¢ - sg, the selected action should also be
rotated ag — ¢ - ag.
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The Finite Sampling Challenge

Traditional sampling approaches face a fundamental limitation when applied to sym-
metric problems. Consider a standard finite sampling procedure where we sample N in-
dependent actions {ay, as, ..., ay } and select the optimal action as a* = arg min; E(s, a;).
While this approach is statistically sound, it fails to respect the symmetries of the un-
derlying problem when the number of samples is finite.

The root of this issue lies in the random nature of sampling. Even if the energy
function E(s,a) is perfectly equivariant, the finite set of sampled actions may not
exhibit the same symmetries. This asymmetry in the sampling process propagates
to the final action selection, breaking the end-to-end equivariance of the optimization
procedure.

Orbit Sampling: A Symmetry-Preserving Solution

We propose orbit sampling as a principled solution to the finite sampling challenge.
Instead of sampling N completely independent actions, our approach samples only
N/|G| base actions, where |G| denotes the size of the symmetry group. For each base
action a;, we generate its complete orbit under the group action: {g-a; : ¢ € G}.
The optimal action is then selected from the union of all orbit elements across all base
actions.

Thus, the G-augmented sample set is GA = {g-a; | ¢ € G}Y,. This orbit
sampling strategy provides a crucial theoretical guarantee: it ensures exact equivariance
regardless of the finite sample size. The equivariance condition for the optimization
can be written as:

cag=g- in £ = in F(g- 6.2
g-ap = g-arg min E(sp,a) = arg min E(g - so, a) (6.2)
By construction, the set of candidate actions always exhibits the same symmetries as
the underlying problem, preserving equivariance throughout the optimization process.
This property holds for any finite number of base actions, not just in the infinite sample
limit.

6.1.2 Extension to Model Predictive Path Integral Control

The principles of orbit sampling extend naturally to multi-step trajectory optimization
in model-based RL, where the challenges of maintaining symmetry become even more
pronounced. Model Predictive Path Integral (MPPI) control represents a particularly
important class of sampling-based algorithms that can benefit from our symmetry-
preserving approach. MPPI operates by sampling multiple trajectory rollouts and
weighting them according to their cumulative returns, making it a natural candidate for
our orbit sampling methodology. This is crucial for modern model-based RL algorithms
like TD-MPC that rely on MPPI for action selection in continuous spaces.
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Figure 6.1: Coordinate regression results comparing standard sampling vs. orbit sampling.
Top row shows spatial generalization with blue markers indicating accurate predictions. Bot-
tom row shows energy landscapes. Orbit sampling maintains equivariance and achieves su-
perior generalization, especially when training is limited to the first quadrant.
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Figure 6.2: The equivariant sampling-based planning algorithm ag = plan(sg). If the input
state is rotated, the output action should be rotated accordingly. This requires (1) the learned
functions to be G-equivariant or G-invariant networks and (2) our specialized orbit sampling
strategy to maintain equivariance in the finite sample regime.

Requirements for Equivariant MPPI

For MPPI to maintain equivariance properties, several components of the system must
satisfy specific symmetry constraints. The dynamics model must exhibit equivariance,
meaning that applying a group transformation to the state and action should result
in the same transformation applied to the next state: f(g-s,g-a)=g- f(s,a) for all
group elements g. Additionally, the reward function should be invariant under group
transformations: r(g - s,g-a) = r(s,a), ensuring that symmetric states and actions
receive identical rewards.
The return computation for a trajectory 7 in MPPI is given by:

H-1

return(7) = E, [v7Qy(sm, am) + Z v Ry (st, ar) (6.3)
=0
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where H is the planning horizon, 7 is the discount factor, and @)y is the learned value
function. This return function is G-invariant when all its components satisfy the ap-
propriate symmetry constraints.

The integration of orbit sampling into MPPI requires careful consideration of how
to generate trajectory samples. Rather than sampling completely independent action
sequences, we sample base trajectories and generate their orbits under the symme-
try group. This approach ensures that the trajectory distribution always respects the
underlying symmetries of the problem, maintaining equivariance throughout the opti-
mization process.

Implementation with TDMPC

We demonstrate the practical application of our approach by integrating orbit sam-
pling with Temporal Difference Model Predictive Control (TDMPC), a state-of-the-
art model-based reinforcement learning algorithm that exemplifies modern continuous
control methods. TDMPC combines the benefits of model-free and model-based ap-
proaches, using learned dynamics models for planning while maintaining the sample
efficiency of temporal difference learning. Critically, TDMPC uses MPPI for action
selection, making it an ideal testbed for our equivariant sampling methodology.

The integration of orbit sampling into TDMPC addresses a fundamental limita-
tion in model-based RL: while we can design equivariant dynamics models and value
functions, the sampling-based action selection breaks equivariance in practice. Our
equivariant version of TDMPC preserves all the algorithmic benefits of the original
method while adding the symmetry-awareness that enables improved generalization
and sample efficiency. The key insight is that by augmenting the action samples with
their group orbits, we ensure that the planner considers all symmetric variants of each
sampled trajectory, maintaining exact equivariance even with finite samples.

This implementation demonstrates that symmetry-aware planning is not limited to
discrete action spaces or deterministic policies, but can be effectively extended to the
continuous control setting that dominates modern model-based RL.

6.1.3 Experimental Validation

Our experimental evaluation demonstrates the effectiveness of orbit sampling across
multiple domains, from simple coordinate regression tasks to complex continuous con-
trol environments. The results consistently show that preserving symmetry through
our sampling strategy leads to improved performance and better generalization.

Coordinate Regression Results

In the coordinate regression domain, orbit sampling demonstrates significant improve-
ments over standard sampling approaches. The performance gains scale directly with
the degree of symmetry present in the problem, validating our theoretical predictions.
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Table 6.1: Performance comparison on symmetric continuous control tasks.

Environment Standard MPPI Equivariant MPPI
Success Rate Sample Efficiency ‘ Success Rate  Sample Efficiency

Pushing Task 72.3+£5.2 1.2x 84.7+3.1 2.3x

Navigation 68.9 +4.7 1.0x 79.4+29 1.8

When the underlying problem exhibits strong symmetries, our approach achieves sub-
stantially better accuracy with fewer samples, highlighting the importance of respecting
these geometric properties.

The visualization of energy landscapes reveals why orbit sampling succeeds where
traditional methods struggle. Standard sampling often produces asymmetric action
distributions that fail to capture the underlying problem structure, while orbit sampling
maintains perfect symmetry by construction. This structural preservation translates
directly into improved optimization performance.

Continuous Control Environments

Our evaluation on symmetric manipulation and navigation tasks reveals three key
advantages of equivariant MPPI over traditional approaches. First, the algorithm
achieves faster convergence during training, requiring fewer episodes to reach optimal
performance. This improvement stems from the reduced effective search space that
results from properly leveraging symmetries.

Second, equivariant MPPI demonstrates superior sample efficiency, particularly in
data-limited regimes where the benefits of structural bias become most apparent. The
algorithm learns more quickly because it can generalize knowledge across symmetric
configurations, effectively increasing the value of each training sample.

Third, the approach shows remarkable improvements in generalization to rotated
and reflected versions of the training environments. While standard MPPI often re-
quires retraining when confronted with transformed environments, our equivariant ver-
sion maintains performance across all symmetric variants of the original problem.

6.2 Spatial Maps as Compositional Abstractions

While Chapters 3-5 focused on object-centric representations, not all environments de-
compose naturally into objects. Warehouse navigation, for instance, focuses on spatial
layout (corridors, intersections) rather than individual items. Spatial maps provide an
alternative compositional abstraction where local features compose hierarchically into
rooms, buildings, and environments.

This section provides a brief preview. The complete technical treatment appears
in Chapter 9 (Extensions Part II), where we develop end-to-end map-based planning

for zero-shot navigation from abstract 2D maps to 3D environments [Zhao and Wong,
2024).
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6.3 Chapter Discussion

This chapter presented two extensions beyond the core framework. Equivariant sam-
pling (Section 6.1) shows that geometric symmetries apply to continuous action gen-
eration—orbit sampling maintains SO(2) equivariance while preserving the stochastic
exploration needed for sampling-based control. Spatial maps (Section 6.2) demonstrate
compositional structure beyond objects—hierarchical spatial representations where lo-
cal features compose into rooms and buildings. The complete technical treatment
appears in Chapter 9.

Part I: Learning with Structure. Part I demonstrated that compositional struc-
ture—whether from objects, symmetries, or spatial hierarchies—enables systematic
generalization. The progression from object-centric planning (Ch 3) to symmetry-
aware planning (Ch 4-5) to continuous control (Ch 6) shows these principles apply
across different settings and representational choices.
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Part 11

Planning and Agent Integration
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Chapter 7

Scaling Differentiable Planning
with Implicit Differentiation

A core thesis principle is that harder problems require more compute at decision
time—not more training data, but more search at inference. Differentiable planning
implements this principle by learning compact representations that enable efficient
value iteration [Tamar et al., 2016b, Schrittwieser et al., 2019, Oh et al., 2017]. Like
traditional planning algorithms that allocate arbitrary computation to find solutions,
differentiable planners should run more iterations for harder tasks without retraining.
For instance, learning to navigate mazes or play Atari games with minimal supervi-
sion demonstrates how learned models can preserve value equivalence while discovering
abstract state representations.

However, current differentiable planning faces a fundamental bottleneck that under-
mines this principle. Training requires backpropagating gradients through all planning
iterations, coupling forward computation with backward passes. This limits practical
planning to approximately 20-30 steps due to memory constraints and gradient instabil-
ity [Tamar et al., 2016b, Oh et al., 2017]—far too few for the long-horizon robotic tasks
that Part I’s compositional abstractions (object-centric world models, symmetry-aware
planners, geometric graph networks) enable. Without solving this scalability challenge,
the structured representations from Chapters 3-6 cannot deploy at realistic planning
horizons.

This chapter addresses the scalability problem through implicit differentiation. The
core challenge in both planning and modern language modeling is similar: how to enable
deep iterative computation without proportional training cost. Language models face
analogous issues—transformer architectures stack many layers to build sophisticated
representations, but backpropagation through all layers couples training memory to
model depth. Deep Equilibrium Models (DEQ) apply implicit differentiation to trans-
formers, treating the network as computing a fixed point rather than explicitly stacking
layers [Bai et al., 2019]. This enables training transformers with constant memory re-
gardless of effective depth, successfully demonstrated on large-scale language modeling
benchmarks like WikiText-103.

For planning, instead of unrolling the entire iterative value iteration process, we
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Figure 7.1: An overview of VIN, a planner with algorithmic differentiation, and ID-VIN,
our proposed planner with implicit differentiation. Lighter colors for the backward pass with
algorithmic differentiation (solid red arrows) indicate larger backpropagation depth. For
backward passes with implicit differentiation, the dashed red arrows start from the solved
equilibrium V* and end at each forward layer (black arrows).

compute gradients directly through the fixed-point conditions that planning algorithms
satisfy—the Bellman equations. This decouples forward and backward passes: models
can plan for 100+ steps at inference time while maintaining constant-cost gradient
computation during training, regardless of planning horizon [Bai et al., 2019, Amos
and Yarats, 2019]. The principle parallels modern trends in large language models
where test-time compute can scale independently of training cost—models use more
reasoning steps for harder problems without retraining. Here, planning algorithms
similarly allocate more iterations for complex tasks while training remains efficient.

We apply this approach to Value Iteration Networks and their variants [Tamar
et al., 2016b, Lee et al., 2018, Zhao et al., 2022b], developing Implicit Differentiable
Planning (IDP). The decoupling brings several benefits: forward passes can scale to
100+ iterations while backward passes maintain constant cost, models are no longer
constrained to differentiable solvers, and intermediate computations can be reused
across passes. Experiments demonstrate that IDP enables training on 50x50 grids
(compared to the previous 15x15 limit), reduces backward pass time by 5-10x, and
achieves superior performance on long-horizon navigation and manipulation tasks.

This chapter is based on our paper “Implicit Differentiable Planning” published at
ICLR 2023.

7.1 Related work

Differentiable Planning In this paper, we use differentiable planning to refer to
planning with neural networks, which can also be named learning to plan and may be
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Figure 7.2: Demonstration of differentiable planners with algorithmic differentiation, which
cannot scale up to large tasks or more iterations, due to coupled forward and backward pass.

viewed as a subclass of integrating planning and learning [Sutton and Barto, 2018]. It
is promising because it can be integrated into a larger differentiable system to form a
closed loop. Grimm et al. [2020, 2021] propose to understand model-based planning
algorithms from value equivalence perspective. Value iteration network (VIN) [Tamar
et al., 2016b] is a representative work that performs value iteration using convolution on
lattice grids, and has been further extended [Niu et al., 2017, Lee et al., 2018, Chaplot
et al., 2021, Deac et al., 2021] and Abstract VIN [Schleich et al., 2019]. Other than
using convolution network, the work on combining learning and planning includes [Oh
et al., 2017, Karkus et al., 2017, Weber et al., 2018, Srinivas et al., 2018, Schrittwieser
et al.,; 2019, Amos and Yarats, 2019, Wang and Ba, 2019, Guez et al., 2019, Hafner
et al., 2020a, Pong et al., 2018, Clavera et al., 2020].

Implicit Differentiation Beyond computing gradients by following the forward
pass layer-by-layer, the gradients can also be computed with implicit differentiation
to bypass differentiating through some advanced root-find solvers. This strategy has
been used in a body of recent work [Chen et al.; 2019, Bai et al., 2019, Amos and
Kolter, 2019, Ghaoui et al., 2020]. Particularly related, Bai et al. [2019] propose Deep
Equilibrium Models (DEQ) that decouples the forward and backward pass and solve
the backward pass iteratively also through a fixed-point system. Winston and Kolter
[2021] study the convergence of fixed point iteration in a specific type of deep net-
work. Amos and Kolter [2019] formalize optimization as a layer, and Amos and Yarats
[2019] further apply the idea to iterative LQR. Gehring et al. [2021] theoretically study
gradient dynamics of implicit parameterization of value function through the Bellman
equation. Nikishin et al. [2021] similarly use implicit differentiation, while they explic-
itly solve the backward pass and only work on small-scale tasks because explicit solving
is not scalable. Bacon et al. [2019] instead focus on a Lagrangian perspective. Our
work is focused on scalability and convergence stability on differentiable planning, and
experiments with challenging tasks in simulation to empirically justify the approach.
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7.2 Differentiable Planning with algorithmic differ-
entiation

Background: Value Iteration Networks. Value iteration is an instance of the

dynamic programming (DP) method to solve Markov decision processes (MDPs). It it-

eratively applies the Bellman (optimality) operator until convergence, which is based on

the following Bellman (optimality) equation: Q(s,a) = R(s,a)+y>_, P(s'|s,a)V(s) and V(s) =
max, (s, a).

Tamar et al. [2016b] used a convolution network to parameterize value iteration,
named Value Iteration Network (VIN). VINs jointly learn and plan in a latent MDP
on the 2D grid, which has the latent reward function R : Z> — RMI and has transition
probability P represented as WV : Z? — RMI, which only relies on differences between
states. The value function is written as V : Z? — R and Q : Z> — R/, Value iteration
can be written as:

Qg?/,j/ = Raij+ Z W, Ve ‘7}’“’ = maX@(k')’, - (7.1)
ij

77:7.]' 7 77:7j/7j7 7j

If we let f be a single application of the Bellman operator, Eq. 7.1 can be written as:

VR = fVED RWY) = max RO+ WY x V=D = max R + Conv2p(V*=1. V)
(7.2)
where convolution W) % V' is implemented as a 2D convolution layer Conv2D with
learnable weight WV. For simplicity, we later use 8 to refer to network weights, and
write each iteration as vy, = f(vg, 7, 0), where r stands for reward map R and vy, for
value map V.

Pitfall: Coupled forward and backward pass. The forward computation of
VIN iteratively applies the Bellman update f. Thus, the optimization needs automatic
differentiation: differentiating through multiple layers of forward iterations f o f o

.o f. Using automatic differentiation for VIN has a major drawback: the forward
computation of value iteration (“forward pass”) and the computation of its gradients
(“backward pass”) are coupled. That is, if the planning horizon is enlarged, VINs
would need larger number of iterations to propagate the value from goals to remaining
positions. As used in VIN and GPPN [Tamar et al., 2016b, Lee et al., 2018], it requires
intensive memory usage to store every intermediate iterate V*) to enable automatic
differentiation.

To illustrate the effects, we show the performance of ADP in Figure 7.2, including
three models with increasingly higher memory use and time cost: VIN, SymVIN [Zhao
et al., 2022b] and ConvGPPN (a modified version of GPPN [Lee et al., 2018]). They are
trained on 15 x 15, 27 x 27, and 49 x 49 path planning tasks. To solve larger mazes, each
model consumes more memory while also needing more iterations (x-axes). However,
since algorithmic differentiation requires backpropagating gradients layer by layer, with
more iterations or larger tasks, some models either diverge or run out of memory (11GB
limit). We present further experimental details and analyses in Section 7.4.2.
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7.3 Approach: From Ezxplicit to Implicit Differen-
tzation for Planning

This section introduces a strategy with implicit differentiation to resolve the issue
by decoupling the forward and backward computation. We first derive implicit dif-
ferentiation for VIN-based planners, then propose a pipeline for implementing those
planners with implicit differentiation. We refer to them as implicit differentiable plan-
ners (IDP), in contrast to algorithmic differentiable planners (ADP) with algorithmic
differentiation. We analyze the technical differences and similarities of IDPs vs. ADPs
afterward.

7.3.1 Implicit Differentiation for Value Iteration

We derive implicit differentiation for VIN and variants, where each layer f is a step as
in value iteration. Since the derivation does not rely on the concrete instantiation of
f, we can freely replace f from Conv2D with other types of layers. We will introduce
these variants in the next subsection.

Implicit differentiation. A fixed-point problem can be solved iteratively by fixed-
point iteration and other algorithms. However, as pointed out in [Bai et al.; 2019],
naively differentiating through the solver would require intensive memory usage, since
it needs to store every intermediate iterate V*) to enable automatic differentiation, as
in [Tamar et al., 2016b, Lee et al., 2018]. As also used recently in [Bai et al., 2019,
Nikishin et al., 2021, Gehring et al., 2021], another solution is to instead differentiate
directly through the fixed point z* using the implicit function theorem and implicit dif-
ferentiation. Then, we can skip all of this by decoupling forward (fixed-point iteration
as the solver) and backward pass (differentiating through the solver).

We start with the fixed point equation v* = f(v*,r, ) from the Bellman optimality
equation. Below we use « to stand for either input r» or 8. The implicit function
theorem tells us that, under some mild conditions of the derivatives (f is continuously
differentiable with non-singular Jacobian 9f(v®)/az), v*(x) is a differentiable function
of & locally: 0 = f(v*(x), x).

For fixed point equation, we can assume the fixed point solution v* is obtained,
thus this can be used to compute the partial derivative w.r.t. to any quantity (input,
parameter, etc) 9v*()/a(). It avoids backpropagating gradients through the forward
fixed-point iteration, which is computationally inefficient and requires considerable
memory to store intermediate iteration variables. Additionally, it also allows to even
use of non-differentiable operations in the forward pass.

Differentiating both sides of the equation v* = f(v*,«) and applying the chain

rule:
ovr() _ of(v().x)  Of(w*x)vr()  Of(v' )
() a() v () a)

(7.3)
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Figure 7.3: The proposed pipeline of implicit differentiable planning by using implicit dif-
ferentiation.

where we use (-) to denote an arbitrary variable. Rearranging terms:

() _(, Ofwtm)\ " Of (v, @)
o) ‘(I ov" ) o) (74)

Solving backward pass. To integrate into a deep learning framework for auto-
matic differentiation, two quantities are needed: VJP (vector-Jacobian product) and
JVP (Jacobian-vector product) [Gilbert, 1992]. Nevertheless, the computation of the
inverse term (I — 9/(v*:#)/gy*)~! can be a major bottleneck due to its dimension (O(d?)
or O(m*), where d = m? is the matrix width and m is the map size) [Bai et al., 2019,
2021]. Additionally, when applied to VINs, we concatenate a policy layer that maps
the final equilibrium v* € R™*™ to action logits R™*™ and compute the cross-entropy
loss £(+) [Tamar et al., 2016b]. Thus, the derivative of loss is:

oL _ 0t dv() _ 9t (, Of(v ) L of (v, x) 75)
o)  owv* 9() o dv* o¢) '
Defining w as follows forms a linear fixed-point system [Bai et al., 2019]:
ol af (v, )\ df (v, x) ol
Ta _ . T_ T
w = <I e ) A e + e (7.6)

This backward pass fixed-point equation can also be solved by a generic fixed-point
solver or root finder. Then, we can substitute the solution w back: 9/a() = w T 2f(v*@)/s().
The computation is then purely based on VJP and JVP. In summary, an IDP needs
to solve both the (nonlinear) forward fixed-point system and the (linear) backward
fixed-point system, as in DEQ.

7.3.2 A Pipeline of Implicit Differentiable Planning

We can derive variants of VIN using implicit differentiation by abstracting out the
implementation of value iteration layer. In this section, we propose a generic implicit
planning pipeline to extend our approach to Gated Path Planning Networks (GPPN)
[Lee et al., 2018] and Symmetric VIN (SymVIN) [Zhao et al., 2022b]. Spatial Planning
Transformers (SPT) [Chaplot et al., 2021] also fits into the pipeline, but it performs
less well (see the complete paper version for details).
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Figure 7.3 shows the general pipeline, where the network layer fy can be replaced
by any single layer that is capable of iterating values. The pipeline follows VIN and
GPPN, where for 2D path planning a map Z* — {0, 1} is provided, and the planners’
output actions (their logits) for each position Z? — RMI. All these tasks can be
represented as taking a form of map “signal” over grid Z2, as previously been done
[Zhao et al., 2022b, Chaplot et al., 2021].

Planner instantiations. We now introduce the instantiations of implicit planners
one by one. We focus on the value iteration part (omit map input and action output),
and all planners follow the form V*+) = f5(V*) R) (bars omitted later). There are
two design principles: (1) input inject (R must be input, as input ) and (2) weight-tied
(0 is shared across layers f), as also used in DEQ [Bai et al., 2019]. Specifically, the
purpose of input inject is that fixed-point solution V* does not depend on initialization
V() so0 we must pass information of the map through input inject (by R).

(i) ID-VIN uses regular 2D translation-equivariant convolution layer, where f(V, R)
max, R* + Conv2D(V;0). (i) ID-SymVIN aims to integrate symmetry into plan-
ning and uses equivariant E/(2)-steerable CNN [Weiler and Cesa, 2021]. It has sim-
ilar form to VIN and just replaces Conv2D with SteerableConv, thus the form is
f(V, R) = max, R® + SteerableConv(V;0).

(#ii) ID-ConvGPPN is based on our modified version of GPPN [Zhao et al.,
2022b], where we (1) use GRU since it has a single input with form 2’ = GRU(z, z)
and is easier to integrate into our current form, (2) replace all fully connected layers
with convolution layers, and (3) inject R to every step. The result is that every layer
is a ConvGRU, instead of LSTM in GPPN: f(V, R) = ConvGRU(V, R;#). Note that the
GPPN variants do not have max in each iteration anymore and directly take reward
R to the recurrent cell [Lee et al., 2018].

Mapper Layer. We can handle tasks with more challenging input, such as visual
navigation and workspace manipulation [Lee et al., 2018, Chaplot et al., 2021, Zhao
et al., 2022b], by learning an additional mapping network (mapper) to first map the
input to a 2D map. Further details about environments and mapper implementation
are in the complete paper version.

Optimization. We build upon the deep equilibrium model (DEQ) and relevant
work [Bai et al., 2019, 2020, 2021], which includes several effective techniques. By
representing the implementation of value iteration as fixed-point solving, we have the
flexibility to use any fixed-point or root solver for f(v,0) = v or v — f(v,0) = 0.
A straightforward solver is forward iteration, as used in VIN’s feedforward network
[Tamar et al., 2016b]. However, recent work has employed Anderson’s or Broyden’s
method [Bai et al., 2019, 2020]. In our experiments, we compare the use of forward
iteration and the Anderson solver in both forward and backward passes. Notably,
the SymVIN architecture requires the entire forward pass to be equivariant, so extra
attention is necessary when designing the forward solver. Further details and results
can be found in the complete paper version.
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Figure 7.4: Performance of implicit differentiable planners on 2D navigation tasks. Since
the forward and backward pass are decoupled, the IDPs can keep consistent runtime and
memory cost for backward pass while have forward pass of value iteration converged for large
tasks and iterations.

7.3.3 Implicit vs. Explicit Differentiable Planners

Underlying computational similarity. The gradient computation is done by auto-
matic differentiation [Gilbert, 1992]|. For algorithmic differentiation, the gradients are
computed through direct backpropagation and the implementation is also based on effi-
ciently computing vector-Jacobian product (VJP) and Jacobian-vector product (JVP)
[Bai et al., 2019]. Christianson [1994] studied automatic differentiation for implicit
differentiation of fixed-point system. The only difference is the number of operations
required and that implicit differentiation is based on the Jacobian at the equilibrium.
The detailed derivation is available in the complete paper version.

Comparison: Implicit vs. algorithmic differentiation. In Figure 7.4, we
compare the performance of three IEPs with different numbers of iterations in the
forward pass. Unlike the ADPs shown in Figure 7.2, our IDPs converge stably with
larger forward-pass iterations (horizontal axis), while ADPs sometimes diverge on large
iterations. Note that we should not directly compare IDPs and ADPs with the same
number of forward iterations since they refer to different things: IDPs compute an
equilibrium and use it for backward pass (more forward iterations would be better),
while for ADPs # iterations = # layers (more iterations/layers leads to instability).
Further analyses in Section 7.4.2.

Tradeoff: The quality of equilibrium. Theoretically, IDPs have a constant
cost of the backward pass with respect to the forward planning horizon. However, the
backward pass requires the Jacobian of the final equilibrium v* ~ vg from the forward
pass. If the equilibrium v* is not solved reasonably well, the backward pass in Eq. 7.6
would iterate based on an inaccurate Jacobian 9f(v*2)/au*, which would cause poor
performance. In contrast, because ADPs compute exact gradients by backpropagation
through layers, they do not suffer from this issue. Additionally, fewer iterations (layers)
would also alleviate their convergence issues.

Empirically, with fewer forward iterations (e.g., 10), we observe a performance drop
from IDPs. Although ADPs also perform worse with fewer layers, they have a smaller
drop compared to IDPs. However, when scaling up to more forward iterations Kpyq
(e.g. > 30 iterations, which are necessary for maps > 27 x 27) IDPs may solve the
equilibrium well enough and are more favorable because of their efficient backward pass.
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Figure 7.5: (Left) We randomly generate occupancy grid Z2 — {0,1} for 2D navigation.
For visual navigation, each position provides 32 x 32 x 3 egocentric panoramic RGB images
in 4 directions for each location Z? — R**32X32X3 " One location is visualized. (Right)
The top-down view (left) is the workspace of a 2-DOF manipulation task. For workspace
manipulation, it is converted by a mapper layer to configuration space, shown in the right
subfigure. For C-space manipulation, a ground-truth C-space is provided to planners.

Moreover, we find that using around Kj,,q ~ 15 iterations for backward pass works well
enough consistently across different map sizes (15 x 15 through 49 x 49). Since both
algorithmic and implicit differentiation use a similar amount of vector-matrix products,
using more than Kjager > 15 & Kpwq would consume more resources and favor IDPs.

7.4 Empirical Analysis

We present more results on convergence, scalability, generalization, and efficiency,
which extends the study in previous sections on comparing implicit vs. algorithmic
differentiable planners.

7.4.1 Environments and Setup

Environments and datasets. We run implicit and algorithmic differentiable plan-
ners on four types of tasks: (1) 2D navigation, (2) visual navigation, (3) 2 degrees of
freedom (2-DOF) configuration space manipulation, and (4) 2-DOF workspace
manipulation. These tasks require planning on either given (2D navigation and 2-
DOF configuration-space manipulation) or learned maps (visual navigation and 2-DOF
workspace manipulation), where the maps are 2D regular grid as in prior work [Tamar
et al., 2016b, Lee et al., 2018, Chaplot et al., 2021]. To learn maps, a planner needs to
jointly learn a mapper that converts egocentric panoramic images (visual navigation)
or workspace states (workspace manipulation) into a 2D grid. We follow the setup
in [Lee et al., 2018, Chaplot et al., 2021] (see the complete paper version for further
details). In both cases, we randomly generate training, validation and test data of
10K /2K /2K maps for all map sizes. For all maps, the action space is to move in 4 O
directions: A = (north,west,south,east).

Training and evaluation. We report success rate and training curves over 5
seeds. The training process (on given maps) follows [Tamar et al., 2016b, Lee et al.,
2018, Zhao et al., 2022b], where we train 60 epochs with batch size 32, and use kernel
size F' = 3 by default. We use RTX 2080 Ti cards with 11GB memory for training,
thus we use 11GB as the memory limit for all models.
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7.4.2 Convergence and Scalability

In the previous sections with Figure 7.2 and 7.4, we have presented quantitive analysis
of IDPs and ADPs in terms of convergence with more iterations and scalability on larger
tasks. Here, we provide the detailed setup of the experiment and put the attention
more on the qualitative side.

Setup. We train all models on 2D maze navigation tasks with map sizes 15 x 15,
27 x 27, and 49 x 49. We use Kjayer = 30, 50, 80 iterations for ADPs, which is effectively
the number of layers in their networks. Correspondingly, for IDPs, we choose to use
forward iteration solver for forward pass and Anderson solver for backward pass. We
fix the number of iterations of backward solver as K}wq = 15 and of forward solver as
Keywq = 30,50, 80.

Results. We examine results by algorithm and focus on their trend with iteration
number (x-axis) and map size (column), not just the absolute numbers. The conclusion
already mentioned in the above section: Beyond an intermediate iteration number
(around 30-50), IDPs are more favorable because of scalability and computational
cost. We present other analyses here.

We start from ConvGPPN and ID-ConvGPPN, which perform the best in ADPs
and IDPs class, respectively. They also have the most number of parameters and use
greatest time because of the gates in ConvGRU units. As shown in Figure 7.2, this also
caused two issues of ConvGPPN: scalability to larger maps/iterations (out of memory
for 27 x 27 80 iterations and 49 x 49 50 and 80 iterations), and also convergence stability
(e.g. 27 x 27 50 iterations).

For SymVIN and ID-SymVIN, they replace Conv2D with SteerableConv, with com-
putational cost slightly higher than VIN and much lower than ConvGPPN. Thus, they
can successfully run on all tasks and iteration numbers. However, we find that explicit
SymVIN may diverge due to bad initialization, and this is more severe if the network
is deeper (more iterations), as in Figure 7.2’s 50 and 80 iterations. Nevertheless, ID-
SymVIN alleviates this issue, since implicit differentiable planning decouples forward
and backward pass, so the gradient computation is not affected by forward pass.

Furthermore, VIN and ID-VIN are surprisingly less affected by the number of it-
erations and problem scale. We find their forward passes tends to converge faster to
reasonable equilibria, thus further increasing iteration does not help, nor break con-
vergence as long as memory is sufficient.

Forward and backward runtime. We visualize the runtime of IDPs and ADPs
in Figure 7.6. For IDPs, we use the forward-iteration solver for the forward pass and
Anderson solver for the backward pass. Note that in the bottom left, we intentionally
plot backward runtime vs. forward pass iterations. This emphasizes that IDPs decouple
forward and backward passes because the backward runtime does not rely on forward
pass iterations. Instead, for ADPs, value iteration is done by network layers, thus the
backward pass is coupled: the runtime increases with depth and some runs failed due
to limited memory (11GB, see missing dots).

Therefore, this set of figures shows better scalability of IDPs (no missing dots —
out of memory — and constant backward time). In terms of absolute time, the forward
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Figure 7.7: (Left) Training curves on 2D maze navigation 15 x 15 maps, with 80 layers for
ADPs and 80 iterations for IDPs. (Right) Training curves on 49 x 49 maps, with 30 layers
for ADPs (due to scalability issue) and 80 iterations for IDPs.

runtime of IDPs when using the forward solver is comparable with successful ADPs.

7.4.3 Training Performance

Setup. Beyond evaluating generalization to novel maps, we compare their training
efficiency with learning curves. Each learning curve is aggregated over 5 seeds, which
are from the models in the above section. The learning curves are for all planners on
15 x 15 maps (Figure 7.7 left) and 49 x 49 maps (Figure 7.7 right, 30 layers for ADPs
— due to scalability issue — and 80 iterations for IDPs).

Results. On 15 x 15 maps, we show Kjayer = 80 layers for ADPs and Kpyq = 80
iterations for IDPs. ID-ConvGPPN performs the best and is much more stable than
its ADP counterpart ConvGPPN. ID-SymVIN learns reliably, while SymVIN fails to
converge due to instability from 80 layers. ID-VIN and VIN are comparable throughout
training. On 49 x 49 maps, we visualize Kjagey = 30 layers for ADPs (due to their
limited scalability) and Kp,q = 80 iterations for IDPs. ConvGPPN cannot run at
all even for only 30 layers, while ID-ConvGPPN still reaches a near-perfect success
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rate. ID-SymVIN learns slightly better than SymVIN and reaches higher asymptotic
performance. ID-VIN has a similar trend to VIN, but performs worse overall due to
the complexity of the task.

7.4.4 Performance on More Tasks

Table 7.1: Averaged test success rate (%) over 5 seeds for using 10K/2K /2K dataset on the
rest of 3 types of tasks. We highlight entry with italic for runs with at least one diverged
trial (any success rate < 20%).

Type Methods ‘ 18 x 18 Mani. 36 x 36 Mani. ‘ Workspace Mani. ‘ Visual Nav.
VIN 89.65+7.97 74.75+8.18 80.98+3.84 66.11+8.91
Explicit ~ SymVIN 55.15+49.54 65.72+47.11 82.17+24.72 96.04+4.24
ConvGPPN 79.71-+20.71 70.55+36.13 70.23+19.44 81.76+31.04
I . ., ID-VIN 80.53+6.98 56.27+20.92 T7.17+7.24 62.53+15.93
mplicit
(ours) ID-SymVIN 99.63+0.08 98.53+1.42 87.60+24.11 86.41+30.34
ID-ConvGPPN | 97.28-+0.74 93.60-+1.68 92.60+1.83 98.91+0.34
Setup. We run all planners on the other three challenging tasks. For visual

navigation, we randomly generate 10K/2K/2K maps using the same strategy as
2D navigation and then render four egocentric panoramic views for each location
from produced 3D environments with Gym-MiniWorld [Chevalier-Boisvert, 2018]. For
configuration-space manipulation and workspace manipulation, we randomly
generate 10K /2K /2K tasks with 0 to 5 obstacles in workspace. In configuration-space
manipulation, we manually convert each task into a 18 x 18 or 36 x 36 map (20° or
10° per bin). The workspace task additionally needs a mapper network to convert the
96 x 96 workspace (image of obstacles) to an 18 x 18 2-DOF configuration space (2D
occupancy grid). Additional details are provided in the complete paper version.

Results. In Table 7.1, due to space limitations, we average over Kjyer = 30,50, 80
for ADPs and Kg,q = 30,50,80 for IDPs. For each task, we present the mean and
standard deviation over 5 seeds times three hyperparameters (see the complete paper
version for separated results). We italicize entries for runs with at least one diverged
trial (any success rate < 20%).

Generally, IDPs perform much more stably. On 18 x 18 or 36 x 36 configuration-
space manipulation, ID-SymVIN and ID-ConvGPPN reach almost perfect results, while
ID-VIN has diverged runs on 36 x 36 (marked in stalic). SymVIN and ConvGPPN are
more unstable, while VIN even outperforms them and is also better than ID-VIN. On
18 x 18 workspace manipulation, because of the difficulty of jointly learning maps and
potentially planning on inaccurate maps, most numbers are worse than in configuration-
space. ID-ConvGPPN still performs the best, and other methods are comparable. For
15 x 15 visual navigation, it needs to learn a mapper from panoramic images and is
more challenging. ID-ConvGPPN is still the best. ID-SymVIN exhibits some failed
runs and gets underperformed by SymVIN in these seeds, and ID-VIN is comparable
with VIN.
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Across all tasks, the results confirm the superiority of scalability and convergence
stability of IDPs and demonstrate the ability of jointly training mappers (with algorith-
mic differentiation for this layer) even when using implicit differentiation for planners.

7.5 Conclusion

This work studies how VIN-based differentiable planners can be improved from an
implicit-function perspective: using implicit differentiation to solve the equilibrium
imposed by the Bellman equation. We develop a practical pipeline for implicit dif-
ferentiable planning and propose implicit versions of VIN, SymVIN, and ConvGPPN,
which is comparable to or outperforms their explicit counterparts. We find that im-
plicit differentiable planners (IDPs) can scale up to longer planning-horizon tasks and
larger iterations. In summary, IDPs are favorable for these cases to ADPs for several
reasons: (1) better performance mainly due to stability, (2) can scale up while some
ADPs fail due to memory limit, (3) less computation time. On the contrary, if using
too few iterations, the equilibrium may be poorly solved, and ADPs should be used
instead. While we focus on value iteration, the idea of implicit differentiation is gen-
eral and applicable beyond path planning, such as in continuous control where Neural
ODEs can be deployed to solving ODEs or PDEs.

This computational efficiency unlocked by IDP is crucial for deploying the equivari-
ant planning methods from Part I in real-world robotics. By decoupling forward and
backward computational complexity, we enable 10-100x speedup in gradient computa-
tion while maintaining planning quality. This scalability is essential for the practical
applications demonstrated in the subsequent chapter on belief-space planning, where
robots must plan over long horizons in complex environments. The implicit differenti-
ation framework developed here thus serves as a critical bridge between the theoretical
elegance of symmetry-aware planning and the computational demands of real-world
deployment.
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Chapter 8

Planning with Abstract Belief for
Integrated Perception and
Manipulation

Part I (Chapters 3-6) developed compositional abstractions—object-centric world mod-
els, symmetry-aware planners, geometric graph networks—that enable systematic gen-
eralization through structured representations. However, these methods assumed full
observability: the robot knows all object properties and environment states. This
chapter extends the framework to partially observable environments where uncertainty
is fundamental.

Task-level planning is critical to achieving long-horizon mobile manipulation tasks [Lozano-
Pérez et al., 1989, Yenamandra et al., 2023]. However, many planning methods assume
complete knowledge of the environment, including object properties and relations, ren-
dering them inapplicable to partially observable settings where robots must dynam-
ically discover, perceive, and interact with objects while resolving uncertainties. We
address the challenge of operating in partially observable environments characterized
by (1) uncertain object properties, (2) unknown object instances (number, type, lo-
cation), and (3) goals specified via ungrounded natural language. In such domains,
information gathering becomes crucial alongside manipulation planning.

Handling partial observability on real robots, especially for long-horizon mobile ma-
nipulation tasks, is notoriously difficult. These problems are often modeled as Partially
Observable Markov Decision Processes (POMDPs) [Kaelbling et al., 1998b]. Compared
to tabletop setups with fixed cameras offering near-complete views, mobile robots face
inherently greater uncertainty about the environment state and limitations from on-
board, viewpoint-dependent perception. One major strategy for tackling POMDPs
involves planning in belief space, aggregating information into an explicit belief state
representing the agent’s knowledge and uncertainty. Our work follows this strategy.

While excellent solutions for belief-space planning exist [Kaelbling and Lozano-
Perez, 2012a, Garrett et al., 2021, Kurniawati et al., 2008, Platt Jr et al., 2010], they
often require sophisticated algorithms, complex belief representations (e.g., full prob-
ability distributions), and carefully hand-engineered perception pipelines. An alter-
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4
.

(2) Empty Cup Removal

Figure 8.1: Example tasks demonstrating various uncertainty levels. (1) Cup Pick-
Place: a fully observable tabletop manipulation task with multiple cups. (2) Empty Cup
Removal: requires inspecting cups from above to determine if they are empty before removal.
(3) Drawer Cleaning: involves opening drawers to discover and remove objects inside. (4)
Sort Weight: requires weighing sealed boxes on a scale to identify and dispose of empty
ones. These tasks demonstrate increasing complexity in information gathering, from fully
observable scenarios to those requiring several strategic information-gathering steps.

(OpenDrawer di) (Pick ol) (MoveAbove ol bi1) (Look bl)

Predicate Evaluation

(KnownIn ol b1)

(HandFree)
(KnownEapty d1)

(Holding o1)
~ (KnownEmpty d1) o1 (KnownEmpty d1)
- (KnownFull d1) (DraverOpen d1)
(HandEmpty)

(KnownEmpty d1)
(Above o1 b1)
(Holding o1)

Figure 8.2: Example plan. A task to put any object in the drawer into a paper bin.
Because the drawer is closed, the robot needs to maintain uncertainty of the environment
and plan under uncertainty to achieve the belief goal: KEmpty+(drawer) and Inside(block,
box). The sequence shows: (1) initial reach to the closed drawer (without knowing if the
drawer is empty or not), (2) opening the drawer to reveal a blue block inside and update
belief, (3) grasping the block from the drawer, (4) moving the block over the paper bin, and
(5) successfully placing the block into the bin. This demonstrates how the robot handles
uncertainty through interleaved information gathering (opening drawer to check contents)
and manipulation actions (grasping and placing the block).

native strategy involves learning history-conditioned policies directly [Bhattacharya
et al., 2020]. Recent foundation model approaches (VLMs, LLMs) typically fall into
this category but often struggle with systematic planning under uncertainty and strate-
gic information gathering, especially with limited real-robot data [Ahn et al., 2022b,
Huang et al., 2022b].
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This chapter illustrates that the core ideas of belief-space planning can be ap-
plied relatively straightforwardly to mobile manipulation tasks by leveraging modern,
off-the-shelf components: classical planners (adapted via determinization) and Vision-
Language Models (VLMs) for evaluating perceptual predicates. We make simplifying
assumptions—treating predicate values as True/False/Unknown, assuming perfect lo-
cal observations, deterministic world-changing actions, and no information loss over
time—that enable a lightweight belief representation and planning strategy.

Following Bonet and Geffner [2011], we represent the agent’s belief using three-
valued logic for predicates, explicitly tracking known vs. unknown states via K-fluents.
We formulate planning as finding a sequence of actions to reach a goal belief state
(e.g., knowing an object property). Information-gathering actions are modeled sys-
tematically. To handle the resulting belief non-determinism tractably, we employ
all-outcomes determinization and online replanning [Bonet and Geffner, 2011]. Our
integrated pipeline leverages VLMs within this framework as flexible perception mod-
ules to evaluate predicate truth values (updating K-fluents) and to ground natural
language goals.

Experiments on mobile-manipulation tasks in simulated synthetic environments
and on a physical Spot robot demonstrate that the system effectively manages partial
observability, dynamically adapts plans, and leverages strategic information gathering
more efficiently than end-to-end VLM baselines. This chapter is based on our paper
“Seeing is Believing: Belief-Space Planning for Mobile Manipulation with Foundation
Models” [Zhao et al., 2025].

8.1 Related Work

8.1.1 Foundation Models for Planning

Recent advances using LLMs and VLMs enable approximate robot planning in diverse
environments Ahn et al. [2022b], Hazra et al. [2024], Curtis et al. [2024a], Liang et al.
[2023], but evaluations highlight limitations in long-horizon or combinatorial problems
when lacking an explicit planning model [Huang et al., 2022a, Silver et al., 2022¢].
These foundation models can be used in a “zero shot” way to directly generate plans
from natural language goals and visual inputs, but they perform poorly with systematic
planning, maintaining long-term context, handling uncertainty, and strategic informa-
tion gathering [Ahn et al., 2022b, Valmeekam et al., 2023]. These shortcomings are
particularly visible in partially observable scenarios requiring multi-step planning and
deliberate information gathering.

8.1.2 Belief-Space Planning

Belief-space planning effectively handles uncertainty from partial observability [Kael-
bling and Lozano-Perez, 2012b, Kaelbling and Lozano-Pérez, 2013, Kaelbling and
Lozano-Pérez, 2017, Garrett et al., 2020, Curtis et al., 2024b, 2022, Kaelbling et al.,
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2021]. Tt models the robot’s knowledge as a belief state and plans to achieve belief goals
(e.g., "know the lights are off”) using both world-changing and information-gathering
actions. This is crucial for mobile manipulation in partially known environments with
unknown objects or states.

Belief-based systems typically involve a state estimator SE for belief updates and
a policy m mapping beliefs to actions. Computing a complete policy offline is often
intractable since only a tiny subset of possible beliefs will ever be reached. We in-
stead follow an alternative approach that constructs partial plans online and replans if
unanticipated observations are obtained [Kaelbling and Lozano-Perez, 2012b]. Beliefs
can be modeled as probability distributions or, alternatively, as sets of possible worlds
represented compactly using three-valued logic (true, false, unknown) [Ginsberg, 1988,
Kleene, 1952, Codd, 1979, Zadeh, 1965, Srivastava et al., 2008], which efficiently ex-
tends deterministic models to belief space [Bonet and Geffner, 2011].

Manual specification of planning domains is laborious; predicate and operator in-
vention methods automate learning symbolic representations from data [Silver et al.,
2022b, 2023]. Our framework reduces belief-space planning to replanning in a deter-
minized belief state constructed from standard planning operators (Section 8.2). This
suggests that techniques for learning standard planning operators might be adaptable
to learn the belief-space operators to reduce manual effort.

8.1.3 Object Uncertainty, Search, and Grounding

A key challenge in applying planning methods to partially-observed scenarios is han-
dling uncertainty related to objects, including their existence, properties, and relevance
to the task. Typical planning systems often assume a pre-specified domain of objects
and properties, limiting their applicability when the set of objects is unknown or prop-
erties need active discovery [Kaelbling and Lozano-Pérez, 2013].

One aspect of handling object existence uncertainty is object search, where the goal
is to locate objects, potentially requiring exploration or manipulation [Wong et al.,
2013, 2015]. Much existing work focuses specifically on finding objects of a particular
category, often using special-purpose strategies. However, many tasks require gathering
information about object properties beyond just their location or category (e.g., deter-
mining if a container is empty). Classical systems have explored planning to perceive
specific properties [Sridharan et al., 2010, Srivastava et al., 2014b, Nie et al., 2016],
but integrating general property verification with manipulation planning remains chal-
lenging. Our work aims for a more general mechanism for gathering critical property
information, integrated within belief-space planning.

Furthermore, interpreting goals and understanding scenes becomes complex when
objects are initially unknown. While foundation models like LLMs and VLMs have
been used for goal parsing and scene understanding in structured and fully observable
environments [Silver et al., 2022¢], partially observable settings demand active percep-
tion to dynamically discover objects and evaluate their properties [Ahn et al., 2022b].
While Sun et al. [2024] explored LLMs for POMDP planning, their approach relied on
leveraging VLM-based perception to implicitly interpret belief-updates and their effects
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Figure 8.3: Pipeline overview. Our system integrates perception, belief-state update, and
planning. The example shows a task of moving empty cups to a bin, where the system must
evaluate cup properties and plan appropriate manipulation actions. Before runtime, a text
goal is first translated into symbolic specifications, which along with actions are determinized
for the task planner. During a step of belief state update at runtime, given an observation
(images and sensor inputs from a robot), the system performs two parallel processes for: (1)
object pointing and segmenting to maintain a spatial memory of objects, and (2) predicate
evaluation to ground belief predicates (e.g., Empty, On). The planner generates a symbolic
plan based on the symbolic belief state, and the first action is executed to generate a new
observation. The belief state is updated based on the new observation, and the process
repeats until the goal is satisfied.

on planning, instead of having an explicit belief space within a belief-space task plan-
ning framework. With an explicit representation, one common approach to handling
the object uncertainty not addressed in Sun et al. [2024] is using lifted representa-
tions (e.g., first-order logic goals like ”all empty cups”), which allows generalization
of objects of similar type. Each object has a grounded representation (referring to
specific object instances like ‘cupl‘), which require mechanisms for grounding goals
and actions as new objects are discovered during execution. Since integrating active
perception with belief-space planning is crucial for enabling robots to iteratively gather
information and refine their understanding, we chose an explicit representation over
relying on VLM to do both belief-state estimation and planning.

8.2 Formulation: Modeling with Uncertainty

The problem of sequential decision-making under uncertainty in partially observable

environments, such as mobile manipulation tasks, is typically modeled as a partially
observable Markov decision process (POMDP) [Kaelbling et al., 1998b].

8.2.1 Modeling the Environment with Uncertainty

We approach this POMDP by converting it to a planning problem in an associated
belief-space MDP. Our approach involves: (1) explicitly representing the agent’s belief
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state b about the true world state, and (2) performing online approrimate planning
within this belief space, utilizing replanning to handle unexpected observations or
outcomes resulting from the discrepancy between the planning model and the execution
environment.

We model the partially observable planning problem in terms of: (1) a object-
centric belief state b, discussed in §8.2.2; (2) a set of object-parameterized actions A
that can be executed by the agent, modifying the belief state, discussed in §8.2.4; and
(3) a goal G, specified as a first-order logical expression over relations that must be
True in the terminal belief, discussed in §8.2.3.

To make this belief representation and the online planning approach tractable, we
adopt the following core simplifying assumptions in our formulation:

e Perfect Observations: While observations are partial (local), the information ob-
tained about the observed part of the state is assumed to be accurate and noise-free.

o Deterministic World Dynamics: Actions that intentionally change the physical state
of the world (world-changing actions, A,,) are assumed to have deterministic effects
on the underlying world state, as defined by their models.

e Static Environment (No Erogenous Changes): The state of the world only changes
due to the robot’s actions; there are no external events modifying the environment.
Furthermore, we assume no loss of information over time (e.g., forgetting known
facts).

e Separable Action Effects: We model actions such that their effects can be separated
into either changing the physical world state or purely gathering information (up-
dating belief), not both simultaneously.

These assumptions, particularly perfect observations and deterministic dynamics, sig-
nificantly simplify the belief update and planning process. Unexpected observations
and exogenous changes to object locations and properties, which violate these assump-
tions, are handled at runtime via replanning (with updated belief state; see §8.3).
Relaxing these assumptions typically requires more complex probabilistic belief repre-
sentations and planning algorithms [Kaelbling and Lozano-Pérez, 2013, Curtis et al.,
2024b).

8.2.2 Belief State Representation

Conceptually, the agent’s belief state b represents a set of possible world states consis-
tent with its observations and action history. We explicitly structure this belief state
using the following components:

e A set of conjectured objects O currently believed to exist.
e A set of symbolic predicates P (e.g., Empty(cup)). They are object-parameterized

functions using O, and their values produce the symbolic state variables.
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e Physical information, such as object memory (e.g., object positions) and robot con-
figuration.

To handle uncertainty, the truth value for any predicate P € P applied to objects
o C O can be True (T), False (F), or Unknown (U). Following Bonet and Geffner
[2011], we represent the agent’s knowledge about these three-valued predicates using
two binary K-fluents. For each belief predicate P(o), we define Kp(o) (known true)
and K_p(o) (known false). The values regarding P (o) is encoded as: (1) T if Kp(o) is
true, (2) F if K_p(0) is true, and (3) U if both Kp(0) and K_p(0) are false. This allows
explicit but determinsitic reasoning about knowns and unknowns. A consequence of our
core assumptions (perfect observations, static world, no information loss) is monotonic
knowledge acquisition: known facts (T or F) remain known unless explicitly changed
by a world-changing action.

8.2.3 Goal Representation

A task goal G is specified as an achievable First-Order Logic (FOL) formula over belief-
state predicates, typically requiring certain K-fluents to be true (e.g., Kgmpty(cupl)).
Goals can be (1) grounded, referring to specific known objects in @, or (2) lifted,
quantifying over objects possibly including those yet undiscovered, which is crucial for
open-world tasks.

The scope of achievable goals is limited by the predicate set P: (1) Goals must
be expressible using the defined predicates (or their K-fluents). (2) Goals involv-
ing specific unknown objects or properties (e.g., finding a green_cup before achieving
Inside(green_cup)) may implicitly require prerequisite information gathering actions.

8.2.4 Action Modeling and Planning via Determinization

Actions A available to the agent are parameterized operators defined by preconditions
and effects on the belief state b. Following our core assumptions (§3.2.1), we separate
actions into two types based on their primary effect:

World-Changing Actions (A,): These actions modify the physical world state
deterministically. Their effects on the belief state b update K-fluents to reflect the
known outcome. For example, picking up an object ?o:

(:action Pick

:parameters (7o - object)

:precondition (and (HandEmpty) (CanGrasp 70))
:effects (and ($\lnot$HandEmpty) (Holding 70)))

Information-Gathering Actions (A;): These actions aim to reduce uncertainty
about a predicate P(0o) whose value is Unknown (—Kp(o) A =K_p(0)). They only
update the belief state by revealing information (making the predicate known True
or known False), without directly changing the physical world state. For example,
ObserveEmptiness(?cup) reveals whether a cup is empty.
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Planning Model via Determinization: Information-gathering actions (A4;) in-
troduce non-determinism into the belief state transition, as the observation outcome
(True or False) is unknown beforehand. This complicates planning, potentially re-
quiring complex conditional plans. To enable the use of efficient classical planners,
we employ an all-outcomes determinization approach [Bonet and Geffner, 2011]. This
involves (1) compiling each information-gathering action A; (like ObserveEmptiness)
into two deterministic PDDL actions, A; and A;, one for each possible observation
outcome (e.g., observing True or observing False), and (2) optimistic planning, choos-
ing the outcome action (A or A;) that appears most beneficial for reaching the goal
according to the deterministic model. For instance, ObserveEmptiness (7o) is split
into two actions:

(:action ObserveEmptiness+ ; Outcome is True
:parameters (70 - object)
:precondition (and (CanObserve 70)
(not (KEmpty+ 70)) (not (KEmpty- 70)))
reffect (KEmpty+ 70)) ; Effect: Known True

(:action ObserveEmptiness- ; Outcome is False
:parameters (7o - object)
:precondition (and (CanObserve 7o)

(not (KEmpty+ 70)) (not (KEmpty- 7o0)))
reffect (KEmpty- 7o0)) ; Effect: Known False

Here, KEmpty+ and KEmpty- represent Kpmpty (known true) and K _pmpty (known false),
respectively. The precondition (not (KEmpty+ 70)) (not (KEmpty- 7o0)) ensures
the action is only applicable when the emptiness status of 7o is Unknown. This deter-
minization allows plan generation using a classical planner, but the optimism means
that discrepancies between the planned outcome and the actual observation during
execution necessitate runtime replanning to correct the course of action (§8.3).

Executing Symbolic Plans: We assume that each symbolic action in a generated
plan corresponds to an executable skill or program. These skills are responsible for
achieving the action’s specified effects in the physical world. Internally, they might
employ methods like motion planning or utilize learned policies to realize the desired
outcome, while their failures will be handled via replanning, similar to [Kumar et al.,
2024b).

8.3 Implementation: Planning under Uncertainty

In this section, we detail the runtime pipeline for planning under uncertainty on
a mobile-manipulation robot, building upon the formulation described in §8.2. We
term our system BKLVA: Belief-space planning with K-fluents, Language-based goal-
grounding, VLM-based perception and estimation, and information-gathering Actions.
The execution pipeline takes as input (see Algorithm 1): (1) a PDDL domain defi-
nition corresponding to the belief-space actions A, (2) a natural language goal giext,
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Algorithm 1 Belief-Space Planning and Execution (§8.3)

Require: Initial belief state by with initial objects Qy, text goal gieyt, predicates P,

actions A

1: g « Translate(giext, P, Qo) > Translation (§8.3)
2: b+ bo

3: while —Satisfied(g,b) do

4:  p< Plan(b,g, A) > Generate plan (§8.3.4)
5: if p = None then return False > Goal is infeasible.
6: for a in p do

7 0 < Execute(a) > Get observation (§8.3.1)
8: b <~ BeliefUpdate(b, a,0) > Update (§8.3.2)
9: if —ExpectedEffects(a,b) then
10: break > Replan with updated belief (§8.3.4)
11: end if
12: end for
13: end while
14: return True > Goal achieved

(3) pretrained foundation models for perception (detailed in §8.3.1), and (4) an initial
belief state bg.

The execution then proceeds in an observe-update-plan-execute cycle, as outlined
in Algorithm 1:

(1) Perception and (2) Belief Update (Observe, BeliefUpdate) The system pro-
cesses sensor observations using VLMs to identify objects and evaluate relevant pred-
icates (detailed in §8.3.1). This information is then integrated into the current belief
state b through data association and predicate updates, potentially discovering new
objects (detailed in §8.3.2).

(3) Planning (Plan) Given the current belief state b and goal G, the symbolic
planner (Fast Downward Helmert [2006]) generates a plan p using the determinized
PDDL action descriptions derived from our formulation (§8.2). This high-level plan
assumes downward refinability into executable skills.

(4) Ezecution (Ezecute) The first action a = p[0] of the plan is executed using
the corresponding low-level skill. After execution and subsequent observation/belief
update, the system checks if the outcome matches the planner’s optimistic assumption.
If not, replanning is triggered (detailed in §8.3.4).

This cycle continues until either the belief state satisfies the goal (b = G) or the
goal is determined to be infeasible. Replanning occurs from the current, updated belief
state whenever expectations are violated.

8.3.1 Perception via Vision-Language Models

Our perception system utilizes Vision-Language Models (VLMs) to process visual ob-
servations and extract both object detections and predicate evaluations, corresponding
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to the Observe step in Algorithm 1. The perception pipeline consists of two main
components:

Object Detection and Localization

For object detection, we utilize MOLMO [Deitke et al., 2024], a pre-trained model
with a pointing feature that enables object localization. Given an observation (e.g., an
image 0) and a set of textual prompts describing potential objects (slightly tuned for
the objects in tasks), MOLMO identifies objects of interest ', providing their pixel
locations in the image. These detections are then processed using the Segment Any-
thing Model (SAM) [Kirillov et al., 2023] to generate segmentation masks. Combined
with depth information, these masks yield the center of mass for each object in a map
coordinate frame (maintained by an underlying SLAM-based odometry system).

Predicate Evaluation

For each detected object in @', we query a VLM (e.g., GPT-40 [OpenAl, 2023]) to eval-
uate the truth values of relevant predicates P. For example, given an image containing a
drawer, we might ask “Is the drawer empty?” to evaluate EmptyContainer (drawer1l).
The VLM acts as a belief-space grounding classifier, determining whether each predi-
cate is known-true (K p), known-false (K_p), or remains unknown (-=KpA—K_p). This
evaluation is done in a batched manner for all relevant predicates across all camera
views at the current time step for efficiency, potentially using a single query to evaluate
multiple predicates simultaneously. Details on VLM prompting strategies, batching im-
plementation, and cost/timing considerations are provided in Appendix. While VLM
inference can be computationally intensive, calls are typically limited within the execu-
tion loop (e.g., once per observation cycle or per skill execution for pre/post-condition
checks), making the approach practical.

8.3.2 Belief State Update

The belief-state update process (BeliefUpdate in Algorithm 1) integrates the struc-
tured observation o (containing @', L, S, and predicate evaluations from §8.3.1) with
the existing belief state b, maintaining consistency in object tracking and predicate
evaluations:

Object List Update

When new observations yield object detections O, we merge them with the existing
object set O in the belief b. This involves data association, primarily based on object
unique identifiers (represented in language) across all observations, to match observed
objects @ with known objects @. Unmatched and verified novel detections are added
to 0. For example, if we detect “cup4” near a previously known “drawerl”, and it
doesn’t match any existing object based on location, we add it to our object set Q.
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This process ensures consistent object tracking while allowing for the discovery of new
objects.

Predicate Value Update

For all objects visible in the current observation, we update the truth values (K-fluents)
of associated predicates in the belief b based on the VLM’s evaluations from §8.3.1.
The belief update mechanism follows a monotonic knowledge acquisition principle, con-
sistent with our formulation (§8.2): unknown predicates (—Kp A =K_p) can transition
to known states (Kp or K_p) based on confident VLM outputs, but known predicates
never revert to unknown states. This reflects the assumption that observations are
perfect (§8.2).

8.3.3 Planning in Belief Space

In the planning process, corresponding to the Plan step in Algorithm 1, we follow a
procedure similar to [Kumar et al., 2024b] where we are given a task and the robot
will plan to generate actions that are likely to achieve the goal from the current state.
Planning is decomposed into two levels: skill sequencing and continuous parameter
selection. Skill sequencing consists of generating a skeleton, e.g., (MoveTo(box, 61),
Pick(box, floor, #y), MoveTo(table, f3), Place(box, table, 6,)). Given a skeleton,
we select continuous parameters using 6 ~ parameter policies defined for each skill.

We sample and execute each skills greedily. If the skill terminates and does not
meet its success condition (as defined by the operator effects), we replan. During the
evaluation, the robot continues to plan and execute until a maximum number of actions
is reached. We refer the reader to other references Helmert [2006], Fox and Long [2003]
for a more formal description of the planning techniques we use in this work.

8.3.4 Skill Plan Execution

This section details the Execute step and the replanning logic within our observe-
update-plan-execute cycle (§8.3, Algorithm 1).

Execution

The Execute step takes the first symbolic action a = p[0] from the current plan (e.g.,
PlaceOn(cupl, bin0)) and executes the corresponding parameterized skill. Skills en-
capsulate the low-level control logic required to perform the action. Some skills may in-
volve internal computations or closed-loop control for robustness, similar to approaches
like Kumar et al. [2024b]. The low-level aspects, including grounding symbolic object
parameters (like ‘cupl‘) to continuous geometric values (e.g., poses, trajectories) and
handling physical constraints via motion planning, are managed by the skill execution
module. We assume a skill is a function that can execute and may fail, and their
failure will be handled via replanning (§8.2.1). Further details on the skill execution
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Open Drawer Place Green Box Place White Box Weigh White Box Weigh Green Box Dispose Green Box

Figure 8.4: Sort Weight. An example task in our synthetic environment with real images.
The agent needs to open the drawer and retrieve sealed boxes to weigh them. The boxes
cannot be opened by the agent but can only be measured indirectly by a scale. The goal is
to find empty boxes and remove it to a bin, and a few notable states are shown in the figure.
The optimal path takes 14 steps.

Tasks ‘ Cup Pick-Place Drawer Cleaning Sort Weight
Methods Success SPL Success SPL Success SPL

Random 0% 0.00 £ 0.00 0% 0.00 £ 0.00 0% 0.00 £ 0.00

VLM End-to-End | 30% 0.15+0.24 0% 0.00 £ 0.00 0% 0.00 £ 0.00

VLM (Captioning) + LLM | 100%  0.49 £ 0.07 10% 0.04 £0.11 0% 0.00 £ 0.00

VLM (Labeling) + LLM | 90% 0.69 £ 0.28 0% 0.00 £ 0.00 0% 0.00 £ 0.00
BKLVA (Ours) | 100% 1.00 + 0.00 80% 0.32 +0.16 70% 0.46 + 0.32

Table 8.1: Performance comparison across synthetic tasks. Success indicates success rate
(%) and SPL indicates average success rate weighted by (normalized inverse) path length
(between 0 to 1, with 1 being optimal).

framework, parameter grounding methods, and low-level implementation specifics are
provided in Appendix.

Replanning

Replanning is triggered in the following scenarios: (1) when an observation action
yields an unexpected outcome (e.g., finding a drawer non-empty when assumed empty
by the planner’s optimistic determinization), or (2) when new objects are incidentally
discovered during perception (§8.3.2). When replanning is triggered, we update the
belief state with the new information and generate a new plan from the current state
by re-invoking the Plan step.

8.4 Experiments

Through our experiments, we aim to answer several key questions: (i) Does our struc-
tured approach (using VLMs for belief state estimation for symbolic planning) ef-
fectively handle uncertainty? (ii) How efficient is our belief-space planning strategy
compared to alternatives? (iii) Can this pipeline extend to a real-world robot scenario
with real perception and control?

Environments. We evaluate the approaches on (1) a synthetic environment with
real images for mobile manipulation, and (2) a Spot real-robot mobile-manipulation
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environment. A synthetic task is defined within a fully-observable transition graph that
accepts symbolic actions and returns both images and other non-visual predicates (e.g,.
whether the agent is holding an object or reachable to an object), though the images
may not reveal the entire system state (for example, a drawer’s contents remain hidden
from view until it is opened). Consequently, similar to a real-robot scenario, the agent
maintains a partially observable belief model to plan effectively. We build synthetic
domains using real-world images (taken by phones or robots), where each node in the
environment’s transition graph represents a distinct viewpoint (represented as images
and other non-visual predicates). When the agent selects an action, the environment
presents images of the resulting state, allowing the agent to update its belief, which
initially may contain uncertain or incomplete knowledge of object properties. This sym-
bolic environment with real images (1) systematically evaluates symbolic belief-space
planning that integrates perception and task reasoning, (2) reduces the complexity
of physical control, and (3) manages randomness when comparing against multiple
baselines. These features enable us to explore long-horizon belief-space planning tasks.
We evaluate on the following tasks:

e Cup Pick-Place (Synthetic). This is a fully-observable task that tests the agent’s
ability to rearrange some cups on a table into a box. A set of information-gathering
actions is provided to verify if an agent understands whether uncertainty is present
and needed to be reduced.

e Drawer Cleaning (Synthetic). In this task, one or more drawers of cabinets may con-
tain various objects. Initially, the robot does not know which drawers hold items. It
must open each drawer to observe its contents, dynamically update its belief regard-
ing newly found objects, and then remove those objects to a box. An illustration
with one drawer and one block is shown in Figure 8.2. The synthetic task features
2 objects and 1 drawer.

e Sort Weight (Synthetic). The agent needs to remove closed boxes by using a scale
to measure the weight of the boxes. The boxes are hidden inside cabinets, so the
agent needs to find the cabinets and measure their weight. After finding the empty
boxes, the agent needs to remove them to a bin.

e Empty Cup Removal (Robot). A Spot robot is used to execute this task, where three
cups are placed on two tables, while the robot does not know if cups contain contents
or are empty. From a normal front-facing view, the robot cannot distinguish whether
a cup is empty or not. It must navigate closer, take a camera perspective from above,
and inspect the contents. Once the robot identifies an empty cup, it removes it to
a bin. We include this setup as a real-robot demo of the system, integrated with
real-world object detection, segmentation, and belief-state update. See Figure 8.3
and the supplementary video.

Approaches. We evaluate the performance of our approach in comparison to
several baselines across simulation and real-robot environments. The environments
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vary in terms of observability and task complexity, including both fully observable
and partially observable settings, as well as short-horizon and long-horizon tasks. The
approaches are summarized here, where more details are provided in the appendix:

e Random planner that selects object-parameterized skills and valid object parameters
uniformly at random.

e VLM End-to-end Planning uses VLMs for end-to-end planning without explicit han-
dling of uncertainty. It has been explored in tabletop manipulation tasks and web
agent literature.

o VLM State Captioning + LLM Planning uses VLM to generate a text caption of
the history of observations (with images and other non-visual predicates). An LLM
then outputs a sequence of actions using the caption.

o VLM Predicate Labeling + LLM Planning uses VLM to perceive predicate values
and LLM for planning, but does not handle uncertainty explicitly either.

e BKLVA(Ours): An approach that uses belief-space operators integrated with VL.M-
based belief-state estimation to plan to gather information in order to achieve the
goal.

For VLM-based planner or VLM-based state captioning, we provide the history of
visual observations to them for handling partial observability. Replanning is used and
needed when the expected outcome is not achieved, particularly in partially observable
environments where belief-space operators are determinized to an optimistic outcome.
See the appendix for more details.

Experimental Setup. For each synthetic task, we run 10 random seeds and re-
port the average results, controlling for variance in the perception system, foundation
model calls, planning, low-level control, and other factors. For all LLM- and VLM-
based approaches, we use GPT-4o0 with zero-shot prompting, with available objects,
operators parameterized by objects, operators’ preconditions and effects, current state
(LLM-based), and observation (VLM-based) or history (partially observable variants)
provided in the context window. We use the following metrics to evaluate the ap-
proaches for performance and efficiency in handling uncertainty in completing tasks:
(1) task success rate, (2) average number of symbolic actions task plan length required
for successful runs of a task weighted by the success rate, also referred as “SPL” (Suc-
cess rate weighted by Path Length) in visual navigation. The agent succeeds when
it reaches the goal state and fails when it reaches the max number of steps, transi-
tions to an illegal state (e.g., pick up full cup), or gets stuck in a state. For real-robot
experiments, we use the Spot robot and only demonstrate with our approach. We
use the same set of symbolic actions (operators) as the synthetic tasks, including the
information-gathering and manipulation actions. Each action is additionally associated
with a skill that executes on the robot. More details are provided in the appendix.

Results and Discussion. We first evaluate whether our structured approach,
which integrates VLM-based predicate estimation with symbolic planning, effectively
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handles uncertainty (Q1). As shown in Table 8.1, our method consistently outperforms
baselines on partially observable tasks like Drawer Cleaning and Sort Weight. Unlike
end-to-end VLM methods or caption-based state representations, our system selectively
gathers information only when needed (e.g., opening drawers or weighing boxes if
relevant), thereby avoiding redundant actions.

We also compare the efficiency of our belief-space planner against alternatives on
gathering information (Q2). We notice a few patterns that baselines do not handle
well and result in lower success rates and longer SPL: (1) it relies on commonsense
knowledge to plan, which may take extra steps based on its commonsense; (2) it does
not capture some subtle diffences in state, causing failure or inefficiency on the task;
(3) it does not necessarily understand the history and may retry the same actions at
same or similar states that occurred before; (4) it does not output correct format of
the state. As an example, the Cup Pick-Place task provides information-gathering
actions while all information is provided, all baselines tend to take extra steps and re-
sult in lower SPL, because it does not understand the actions can be directly executed
without additional information needed. A hypothetical approach that separates infor-
mation gathering and manipulation stages by exhaustively removing uncertainty (e.g.,
opening all drawers first) would be prohibitively time-consuming in large or intricate
environments. By focusing on only those uncertainty necessary to fulfill the task goals,
our method achieves higher success rates with fewer actions.

Finally, we test whether the proposed pipeline extends to real-robot scenarios on the
Empty Cup Remowval task (Q3), with a video provided in the supplementary material.
A Spot robot inspects three cups placed on different tables to determine which are
empty before disposing of them. The same VLM-based predicate evaluation prompts
are used as in synthetic tasks on images. Our demonstration shows that the pipeline
of VLM-based belief state estimation and symbolic planning in BKLVA transfers well
to real-world perception and control despite additional noise and uncertainty, as seen
in the accompanying video. Thus, the real-robot trials confirm that our framework
remains effective in physical settings, suggesting strong potential for more complex
mobile-manipulation tasks beyond laboratory conditions.

Overall, these results validate each of our three research questions: (1) explicit
predicate-based reasoning and belief maintenance of BKLVA enables robust handling
of uncertainty, (2) belief-space planning improves efficiency compared to naive or ex-
haustive approaches, and (3) the BKLVA pipeline scales to a real robot with minimal
modification (besides additional real-world perception and control), demonstrating its
viability for real-world partial observability.

8.5 Limitations and Discussion

To make belief-space planning tractable and demonstrate its core benefits, our frame-
work incorporates several simplifying assumptions, which also highlight avenues for
future enhancement.

First, we simplify perception by assuming perfect observations from the VLM and
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represent belief using ternary logic (True/False/Unknown). This facilitates integration
but ignores perceptual noise and graded belief. Future work could increase robustness
by adopting probability-valued fluents and Bayesian belief updates to handle imperfect
VLM outputs more naturally. Second, for planning efficiency, we employ optimistic de-
terminization of information-gathering actions. This allows the use of classical planners
but is a simplification compared to fully probabilistic planning frameworks that explic-
itly reason about stochastic outcomes, which could yield more robust plans at higher
computational cost. Third, we assume a static world between actions and monotonic
knowledge acquisition (no information loss). This simplification is reasonable for many
short-horizon tasks but limits applicability in dynamic environments or over longer pe-
riods. Modeling exogenous effects and information decay, at least in the belief update,
would extend the framework’s realism.

Further simplifications enabling our current focus include: (1) relying on manually
defined action operators, whereas learning or extracting these could increase adapt-
ability; (2) addressing perception scope primarily through VLM predicate grounding,
leaving complex object search and long-term data association for future work; and
(3) abstracting away low-level skill ezecution details, where tighter integration with
planning methods is needed for robust physical deployment.

While these simplifications enabled us to demonstrate the value of VLM-integrated
belief-space planning, relaxing them, particularly towards more probabilistic represen-
tations and reasoning, constitutes important next steps.

8.6 Conclusion

In this paper, we presented a novel approach to belief-space robot planning that ef-
fectively addresses the challenges of partial observability and uncertainty in partially
observable environments on mobile-manipulation robots. By integrating belief-space
planning with information-gathering actions and leveraging vision-language models
(VLMs) as belief-state estimators, our method demonstrated superior performance in
handling long-horizon tasks in diverse, partially observable settings. The ability to
reason about information gathering using ternary belief-space predicates enabled the
robot to systematically reduce uncertainty, leading to higher task-success rates and
improved efficiency compared to baseline approaches.

Our results highlight the importance of combining high-level belief-space reasoning
with robust perception systems in robotic planning frameworks. Unlike baselines that
lacked explicit uncertainty handling or efficient planning for information gathering, our
approach demonstrated the advantage of integrating symbolic planning with modern
perception systems, particularly VLMs. By automating the process of belief-state esti-
mation with VLMs, we made belief-space planning more feasible in real-world scenarios,
addressing the complexity of manually designing predicates for dynamic, unstructured
environments.

This work serves as a foundation for future research in belief-space planning. While
we focused on leveraging VLMs for belief-state estimation, future extensions could ex-
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plore learning belief-space operators, improving sampling strategies, and integrating
end-to-end learning to bridge the gap between planning and execution. These ad-
vancements could further enhance the practicality of belief-space planning and enable
more adaptive and capable robotic systems in partially observed settings.

8.7 Chapter Discussion

This chapter tackled planning under partial observability, revealing a conceptual in-
sight: information is an action. The "look’ operation isn’t merely sensing—it’s a first-
class planning primitive that transforms the state space from Unknown to Known. This
reframes information gathering as part of the planning problem itself, not a separate
perception module.

The approach uses Vision-Language Models (VLMs) to estimate belief states over
object properties, representing uncertainty through three-valued logic (true/false/un-
known) rather than full probability distributions. By reasoning about which observa-
tions would reduce uncertainty, the robot actively seeks information needed for task
completion, contrasting with reactive VLM policies that passively accept uncertainty.
The 40% action reduction compared to reactive baselines demonstrates that strategic
planning with explicit belief tracking outperforms end-to-end approaches, particularly
for long-horizon tasks requiring information gathering.

98



Chapter 9

Extensions and Variations (Part II)

Part II made compositional abstractions deployable through scaled planning (Chapter
7) and belief-space reasoning (Chapter 8). This chapter presents two extensions: using
planning to guide skill learning and navigating from abstract spatial maps.

The first extension (Section 9.1) addresses parameterized skill learning—using plan-
ning to select which skills to practice during autonomous deployment. The second (Sec-
tion 9.2) tackles map-based navigation—learning implicit correspondences between 2D
maps and 3D environments for zero-shot generalization.

9.1 Long-Horizon Planning to Learning Skill Pa-
rameter Policies

This section describes collaborative work with Nishanth Kumar and others on plan-
ning to practice parameterized skills, extending our compositional abstractions toward
integrated Task and Motion Planning [Kumar et al., 2024aq].

9.1.1 Problem Formulation and Background

Long-horizon mobile manipulation tasks require robots to execute sequences of 10-20+
primitive actions to achieve goals like cleaning a kitchen or organizing a workspace.
These tasks naturally decompose into a bilevel planning hierarchy. At the high level,
discrete task planning determines which skills to execute in what order—this is where
classical symbolic planning frameworks like PDDL (Planning Domain Definition Lan-
guage) operate, reasoning about preconditions, effects, and action sequences using
logical predicates. At the low level, continuous parameter selection determines how
to execute each skill—where exactly to grasp an object, what velocity to use when
sweeping, what trajectory to follow when placing. Classical PDDL planning assumes
deterministic action schemas with known outcomes, but real robot skills have varying
and initially unknown success rates.

Parameterized skills bridge this symbolic-continuous gap through the formalism
w = (Z;, 0, pi, Bi, ¢i), where Z; : S — {0,1} specifies initiation conditions (when
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the skill can be attempted), ©; C R™ defines the continuous parameter space (grasp
offsets, velocities), p;(s,#) implements the low-level controller, /3; specifies termination
conditions, and ¢; : & — {0,1} indicates success. These are like PDDL operators
but augmented with continuous parameters and probabilistic outcomes. For instance,
Pick(object, surface, ) has discrete arguments (which object, which surface) and
continuous parameters 6 € R? (grasp position offsets).

The compositional planning frameworks developed throughout this thesis use action
abstraction—planning over skills or options rather than primitive motor commands.
Chapters 3-5 employ this abstraction, assuming that primitive skills execute reliably
once selected. This is the downward refinability assumption: high-level plans can
be refined into low-level executions that succeed. In practice, this assumption often
fails. Skills start with low competence: a newly deployed robot might grasp objects
only 30% of the time and place them correctly only 40%. These low competences
compound disastrously over long horizons. If Pick has 30% competence and Place
has 40%, moving one object succeeds with probability 0.3 x 0.4 = 0.12. A three-object
task has success probability (0.12)% < 0.002—essentially guaranteed failure.

This work addresses integrated Task and Motion Planning (TAMP) where the
downward refinability assumption doesn’t hold. Rather than assuming skills work
reliably, we track skill competence through experience and use planning to determine
which skills need improvement. This transforms the classical TAMP problem—how to
sequence skills and select parameters—into a learning problem: how to improve skill
competence efficiently during deployment.

The learning challenge is how to improve these skills efficiently during autonomous
deployment. Consider a reset-free online learning setting [Thrun, 1995, Gupta et al.,
2021] where the robot alternates between task time (executing assigned goals) and
free time (autonomous practice without external supervision). During free time, which
skills should the robot practice to maximize future task success? This is not standard
active learning—collecting practice data for sweeping requires sequential reasoning.
The robot may need to execute up to 19 preceding actions just to reach a state where
the floor is cluttered and sweeping becomes possible and meaningful. This is meta-
planning: using planning to determine what to learn, not just what to do.

This work connects to Chapter 8’s belief-space planning framework. Both integrate
planning with learning and execution. Chapter 8 uses planning to gather information
about unknown world states (is the drawer empty? is the cup full?), reasoning in belief
space to strategically reduce uncertainty. Here, we use planning to identify which
skills are bottlenecks for task success and to set up diverse practice scenarios. Both
demonstrate how compositional planning principles extend beyond nominal execution
to handle deployment realities: partial observability in Chapter 8, skill learning here.
Together they show that planning is not just for achieving goals but for reasoning
about what to learn and what to observe.
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Figure 9.1: Example: Ball-Ring environment. The goal is to put the ball on the table.
The robot must learn that (1) the ball cannot be placed directly because it will roll off the
slanted table; (2) the ring can only be placed on the left side because the right side is smooth;
(3) placing the ring on the table and then placing the ball inside the ring accomplishes the
goal.

9.1.2 Related Work

This problem sits at the intersection of several research traditions. Classical Task and
Motion Planning (TAMP) [Garrett et al., 2021, Srivastava et al., 2014a] addresses the
integration of symbolic task planning with continuous motion planning, but typically
assumes known skill models and focuses on satisfiability—finding any feasible execu-
tion—rather than improving skill competence through practice. Recent work on learn-
ing for TAMP uses parameter policies as samplers [Silver et al., 2022a, Mishra et al.,
2023] that generate continuous parameters to satisfy symbolic action schemas, but
most approaches assume offline learning from demonstrations rather than autonomous
online practice during deployment.

The learning problem relates to competence-based exploration in reinforcement
learning [Stout and Barto, 2010, Baranes and Oudeyer, 2013, Colas et al., 2019], where
agents seek experiences that improve their capabilities. However, these methods typi-
cally explore to discover novel states or behaviors without grounding in a known task
distribution. Our setting differs critically: we have a distribution of tasks the robot
will face, and the question is how to practice efficiently to maximize success on those
specific tasks. This task-aware practice is closer to curriculum learning but with the
robot autonomously selecting its curriculum through planning.

Parameterized action MDPs [Masson et al., 2016, Dalal et al., 2021, Nasiriany et al.,
2022] provide the formal framework for skills with both discrete selections and contin-
uous parameters, extending standard MDPs with hybrid action spaces. Most work in
this area focuses on learning joint policies over discrete action selection and continu-
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Figure 9.2: Planning to practice. To practice a skill, the robot must be in a state where
the skill can be initiated. Here, the robot plans to practice sweeping two toys into a bin
from its initial state (left) in the Cleanup Playroom environment. This requires chaining up
to 19 skills (middle), some omitted for brevity, before practicing (right). This demonstrates
meta-planning: using planning to determine what to learn.

ous parameterization. Our approach assumes the discrete skill sequencing problem is
solved through planning and focuses instead on rapidly specializing continuous param-
eter policies through strategic, planned practice scenarios that maximize transfer to
the task distribution.

9.1.3 Approach and Results

The Estimate, Extrapolate & Situate (EES) approach addresses skill selection through
three integrated components. First, it estimates current skill competence by main-
taining Beta-Bernoulli models: after observing n successes and m failures for skill w,
competence is modeled as ¢, ~ Beta(n+ 1, m+ 1), providing both mean estimates and
uncertainty quantification. Second, it extrapolates future improvement by predicting
how competence would change with additional practice using a time series model that
considers current competence level, historical improvement rate, and predicted com-
petence after k£ additional practice attempts. Third, it situates skill improvements
within the task distribution using cost-aware classical planning [Helmert, 2006] where
each skill has cost cost(w) = —log(c,). By planning over the task distribution with
hypothetically improved competences, the system identifies which skill’s improvement
would most benefit overall task success—that skill is selected for practice.

Once a skill is selected, planning generates diverse practice scenarios. The robot
samples random initial environment states, uses planning to reach states where the
skill’s initiation conditions Z, are satisfied, executes this setup plan, attempts the
skill with parameters sampled from the current parameter policy 6 ~ m,(+|s), and
updates the policy based on success or failure. This planning-to-practice mechanism
ensures the same skill gets practiced from different approach angles, with objects in
various configurations, under diverse environmental conditions—exactly the systematic
variation needed for robust skill learning.

Evaluated on a Boston Dynamics Spot robot, EES achieved 85% task success com-
pared to 45% for random practice baselines in a ball-ring placement task where the
robot must discover that balls roll off slanted tables unless placed inside stabilizing
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Figure 9.3: EES pipeline overview. (1) During free time, the robot selects skills to prac-
tice based on which would most improve task success. Here, Place(ring, table) is selected.
(2) The robot plans to satisfy the skill’s initiation condition, then samples a continuous pa-
rameter to practice. (3) The success or failure updates the parameter policy.
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Figure 9.4: Learning curves across simulated environments. Percentage of evaluation
tasks solved vs. number of online transitions for three environments (1D Grid, Ball-Ring,
Kitchen Cleanup). EES (our approach) demonstrates 3-5x sample efficiency compared to
baselines, reaching 80% task success with significantly fewer practice attempts. Solid lines
show means, shading shows standard error across 10 seeds.

rings. In kitchen cleanup tasks involving pick, place, and sweep operations, task success
improved from 38% to 76% after practice, outperforming curiosity-driven baselines at
59%. Across three simulated environments, EES required 3-5x fewer practice attempts
than the strongest baselines to reach 80% task success. This sample efficiency stems
directly from using planning to identify bottleneck skills—the system practices what
matters for the task distribution, not what is merely novel or uncertain. For complete
technical details and additional experiments, see the full paper [Kumar et al., 2024a].

9.1.4 Discussion

The option contracts from Chapters 3-5 structure the learning process. Initiation con-
ditions Z, and success conditions ¢, define when skills apply and how to evaluate
success—these provide the structure. Parameter policies are what get learned, im-
proving through practice while initiation and success conditions remain fixed. The
approach uses planning to determine what to learn, not just what to do. Planning
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structure reveals which competences matter—which skills appear in task plans, how
frequently, where execution fails.

Compositional factorization enables efficient learning. Improvements to Pick gen-
eralize across all picking instances, regardless of object or surface. Planning identifies
which skill types need improvement by analyzing failures across task distribution. This
compositional benefit produces the 3-5x sample efficiency gains. The approach bridges
symbolic PDDL-like sequencing with continuous control through parameter policies as
learned samplers for motion planning [Garrett et al., 2021, Srivastava et al., 2014a].

This connects to Chapter 8’s belief-space planning. Both use planning to handle
deployment realities: Chapter 8 for unknown world states (is the drawer empty?), here
for skill improvement (which skills need practice?). Together they suggest integrated
systems reasoning about what they know, what they can do, and what they should
improve—using compositional abstractions across perception, learning, and execution.

9.2 Spatial Abstractions: Map-Based Navigation

This section describes work on end-to-end spatial planning with abstract maps [Zhao
and Wong, 2024].

While Part I focused on object-centric representations, navigation presents a fun-
damentally different compositional structure: spatial hierarchy. Buildings consist of
floors, floors contain rooms, rooms have corridors—a compositional organization that
doesn’t fit neatly into object slots. Novel environments recombine familiar spatial
patterns (L-shaped corridors, T-junctions, rectangular rooms) in new configurations.

The key challenge is the correspondence problem: how to execute abstract 2D map
plans in 3D environments with first-person observations. Traditional approaches use
explicit localization and path following. We instead learn implicit correspondences
through a hypermodel architecture—a neural network that takes a 2D map as input
and generates environment-specific transition dynamics in a learned latent space. Value
iteration in this latent space produces motor commands that can be executed directly
without translation.

The approach achieves zero-shot navigation in novel DeepMind Lab mazes with-
out exploration or adaptation. Training on 20 diverse layouts, the system generalizes
to completely new environments by recognizing compositional spatial patterns. This
demonstrates that compositional abstractions extend beyond objects to spatial hierar-
chies, enabling systematic generalization through structured representations.

9.2.1 Problem Formulation

Consider an agent placed in a novel 3D maze—a DeepMind Lab environment with
multiple rooms, corridors, and dead ends it has never seen before. The agent receives a
rough 2D map M € {0, 1}%4%54 showing walls and walkable space, with current position
and target goal marked. It perceives the world through first-person RGB observations
0; € R¥3 and must issue continuous turning and forward/backward movement
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Figure 9.5: Zero-shot navigation from abstract maps. The agent navigates unseen
DeepMind Lab mazes without prior exploration. Given a top-down 2D occupancy map with
start (black dot) and goal (gray dot), the agent must execute the abstract plan in continuous
3D environment with first-person observations, handling unknown map scale, inaccuracies,
and noisy localization.

commands. A human could immediately plan a route from the map, but how does the
agent execute this abstract plan in the actual 3D environment?

The correspondence problem is fundamental: 2D maps and 3D environments have
completely different representations. Scale is unknown—one pixel might represent 1
meter or 10 meters. Perspective differs—maps show top-down layout while the agent
sees first-person walls and corridors. Action spaces mismatch—planning on the map
suggests "move up 3 cells, turn right” while execution requires "rotate 47.3°, move
forward 2.7m”. Multiple corridors look identical from first-person view, creating lo-
calization ambiguity. Traditional SLAM-based methods require extensive exploration
to build accurate maps, incompatible with zero-shot requirements. Direct path follow-
ing fails due to scale and orientation uncertainty. Reactive policies learn to navigate
specific environments but fail on novel layouts.

Formally, given training set Diyam = {(M;, &)Y, of map-environment pairs, we
learn a policy 7 : (04, hy—1, Miest, So,9) — (a, hy) for novel test environments (Miest, Erest) ¢
Dirain, Where h; is learned hidden state. The challenge is zero-shot generalization:
navigate successfully in s without gradient updates or exploration, using only the
provided map and current observation. Success requires recognizing compositional
spatial patterns—straight corridors, L-turns, T-junctions—and translating them into
appropriate navigation behaviors.

9.2.2 Solution Approach and Results

Rather than explicitly localizing and following paths, we learn implicit correspon-
dences through a hypermodel that generates environment-specific dynamics from maps.
The hypermodel H is a convolutional network taking the entire map M with start/-
goal markers and outputting weights © € R? for a transition network: H : M €
{0,1}54%6% — ©. These weights parameterize a transition model Tg predicting next
states in learned latent space: z.1 = Te(zi,a;). Crucially, while states z are latent,
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Figure 9.6: Hypermodel architecture. The hypermodel H processes maps M; and Mo
with goals, outputting transition network weights ©; and ©2. Each transition network pre-

dicts next states f(z,a;0;) = 2’ using its environment-specific weights. Maps sharing local
patterns (3x3 patches in light blue) share learned features captured by the hypermodel.

actions a; are actual motor commands—planned action sequences execute directly with-
out translation.

The system operates end-to-end. Observations encode to latent states z; = fone(0t, hy—1).
The hypermodel generates map-specific dynamics © = H(M, sq,g). Differentiable
value iteration runs for K iterations:

VD (2) = max[R(z,a) + 7V (To(z,a)) (9.1)

Policy extraction yields 7(z;) = arg max, Q(z;, a) where () comes from value iteration.
Actions a; = w(z;) execute directly in the environment.

Training uses hindsight experience replay extended to multi-step trajectories. When
the agent attempts goal g but reaches state s’ instead, we relabel the trajectory as if
s’ was the intended goal, providing dense training signal from failed attempts. This
extension to n-step trajectories enables learning longer-horizon navigation.

Evaluated in DeepMind Lab 3D mazes, the system trained on 20 diverse lay-
outs with 10 goal positions each, then tested on 10 completely novel layouts. The
Map-conditioned Multi-task Navigator (MMN) achieved zero-shot generalization, out-
performing reactive CNN policies, explicit map-following planners, and SLAM-based
systems, particularly for longer navigation distances. The system showed robustness
to map perturbations and scaled to larger environments, succeeding on complex hi-
erarchical tasks spanning multiple rooms without exploration or adaptation in test
environments. See the full paper [Zhao and Wong, 2024] for detailed experimental
results.

106



o
o

Success Rate
=
N

o
[N

0.0

Distance on Abstract Maps

Figure 9.7: Zero-shot navigation success rates. Performance on 10 novel test layouts
across different navigation distances. MMN (our approach) outperforms reactive CNN base-
lines and explicit path-following approaches, demonstrating successful compositional gener-
alization to unseen spatial patterns.

9.3 Chapter Discussion

This chapter presented two extensions: planning-guided skill learning (Section 9.1)
and map-based navigation (Section 9.2). Both demonstrate how compositional ab-
stractions—whether through option contracts or spatial hierarchies—enable systematic
generalization in practical deployment scenarios.
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Chapter 10

Conclusion and Future Directions

10.1 Thesis Summary

This thesis set out to build agents that benefit from both learning and planning—
systems that could handle the complexity of real-world embodied tasks through com-
positional reasoning (building up complex behaviors from simple parts) rather than
memorization. We proposed that abstraction and compositionality (structured
representations and modular design) would serve as the backbone, with learning and
planning as engines powered by compute.

The work developed this vision through discovering a fundamental tension in Al:
the battle between structure and scale, between understanding and emergence, between
guarantees and capabilities. Through this journey, we learned that structure without
learning is brittle (classical planning fails), learning without structure is unreliable (pure
neural approaches fail), and the future needs both—but the integration is non-trivial.

We first established how objects can become modular, interchangeable units where
the system understands that “objectness” itself is a symmetry—when you replace a
red cube with a blue sphere, the underlying physics doesn’t change, just the specific
instance. We then showed how to build spatial reasoning that works regardless of ori-
entation, ensuring that a robot that learns to navigate a room doesn’t fail when the
room is rotated 90 degrees. Finally, we solved the computational bottleneck that pre-
vents long-horizon planning by recognizing that the computational graph of planning
doesn’t match how planning actually works—separating finding solutions from com-
puting gradients enables hundred-step horizons where naive approaches fail at twenty.

10.2 Design Principles and Lessons Learned

Through this work, several key design principles have emerged for building robots that
plan their actions:

Abstraction as Interface. Treating abstraction as the I/O interface between per-
ception and planning enables modularity and compositional reasoning. Objects, pred-
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icates, and options provide a structured vocabulary that can be composed in novel
ways, enabling generalization to unseen scenarios through familiar parts.

Compositional Structure as Inductive Bias. Compositional structure and geo-
metric symmetries provide powerful inductive biases that improve data efficiency and
generalization. By building equivariance into both representations and planning algo-
rithms, we achieve better sample complexity and robustness to spatial transformations
without explicit data augmentation.

Planning at Decision Time. Harder decision-making problems require more com-
pute at inference time. By investing computational resources in planning during ex-
ecution rather than only during training, systems can handle novel compositions and
long-horizon tasks that would be intractable to memorize.

Learning for Abstraction and Planning. While classical planning provides the
algorithmic backbone, learning is essential for acquiring the representations, estimating
transition models, and adapting to new environments. The integration of differentiable
planning with deep learning enables end-to-end optimization while maintaining inter-
pretable structure.

10.3 Retrospective Assessment: What This Work
Actually Accomplished

With the benefit of hindsight and the foundation model revolution, we can now see
more clearly what this thesis actually accomplished: mnot competing with emergent
intelligence but providing the structured reasoning it lacks.

When GPT-4 emerged, it could describe eloquently how to prepare dinner, under-
standing ingredients, techniques, and sequences at a conceptual level. Yet it cannot
systematically plan the actual action sequence that would achieve this in a real kitchen.
Vision transformers can recognize objects across many viewing angles, yet they can-
not guarantee that a manipulation plan working for one object configuration will work
for another. CLIP can match images across viewpoints, yet it cannot ensure that a
navigation strategy that works facing north also works facing east.

This thesis studies structure that sits on top of powerful monolistic models. Our
equivariance framework ensures compositional generalization—when a robot learns to
stack red blocks, it immediately knows how to stack blue ones. Our symmetry-aware
planning provides geometric guarantees—navigation strategies work regardless of ori-
entation. Our belief-space reasoning enables systematic information gathering rather
than hoping the right observations will occur.

The core insight that emerged from this journey: intelligence requires both pattern
recognition (what foundation models excel at) and structured reasoning (what this the-
sis provides). Neither alone is sufficient. This isn’t about choosing sides in the structure
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versus scale debate—it’s about recognizing they are complementary capabilities that
together enable intelligent behavior.

10.4 Reflection of Limitations

This thesis made critical simplifying assumptions that enabled progress but also con-
strained scope. The downward refinability assumption allowed us to separate high-level
planning from low-level control, but real manipulation tasks often require tighter cou-
pling between symbolic and geometric reasoning. Rather than manually specifying in-
dividual abstractions, we specified compositional structure that induces abstractions—
the symmetries, object-centric representations, and planning frameworks that enable
systematic generalization. While this reduces manual effort, autonomous discovery of
the structure itself from raw experience remains an open challenge.

Our experimental validation provides strong evidence for the approach’s effective-
ness, though further verification on real-world deployments would strengthen these
claims. Real environments present additional challenges—sensor noise, partial observ-
ability, dynamic disturbances—that require continued research to fully address.

The Data Question: Is Scale All We Need? A critical question facing Al today
is whether data and scale alone suffice for intelligence. This thesis aims to answer
this a bit differently: data is necessary but not sufficient. Pure scaling can achieve
remarkable pattern recognition and even emergent reasoning, but it cannot provide
the systematic guarantees required for reliable embodied intelligence. When a robot
must stack blocks or navigate spaces, we need more than statistical correlations—we
need compositional structure that ensures plans work across variations.

Our work shows that structure amplifies data efficiency. With compositional rep-
resentations and symmetric planning, systems can generalize from limited examples to
novel scenarios. This isn’t about replacing learning with hand-engineering but about
identifying the right inductive biases that make learning tractable. Foundation models
may eventually discover these structures implicitly through massive scale, but explicitly
building them in achieves similar capabilities with substantially less data—a critical ad-
vantage for robotics where data collection is expensive and safety-critical applications
demand guarantees.

10.5 Future Directions: Integrating Structure and
Scale

The future of embodied intelligence lies not in choosing between structure and scale
but in their principled integration. Foundation models have shown us what massive
scale can achieve in perception and language understanding, while this thesis demon-
strates what structured reasoning provides for systematic planning and compositional
generalization. The path forward involves combining these complementary strengths.
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Consider hybrid architectures where foundation models handle perception—understanding
what objects are present, what the human is requesting, what the scene contains—
while our planning algorithms handle the systematic reasoning about how to achieve
goals through sequences of actions. This division of labor plays to each approach’s
strengths. Foundation models excel at the pattern recognition and common sense that
would be nearly impossible to hand-engineer, while our structured algorithms provide
the systematic reasoning that ensures plans actually work.

Beyond simple integration, we can inject compositional priors directly into founda-
tion model training. By building in our structured principles from the start, we might
achieve similar capabilities with reduced data requirements. This addresses a critical
challenge as Al systems scale: the computational and data requirements of pure scal-
ing are becoming prohibitive. Structure offers a path to efficiency without sacrificing
capability.

Perhaps most importantly, as robots deploy in human environments, the need for
verification and safety becomes paramount. These structured frameworks provide a
foundation for guaranteeing properties of learned systems—something pure neural ap-
proaches cannot offer. When a robot is handling sharp knives in a kitchen or navigating
around children, we need more than statistical confidence; we need structured reasoning
that can be verified and validated.

10.6 Closing Remarks

This work demonstrates that embodied agents need both the pattern recognition of
modern Al and the systematic reasoning of structured algorithms. The path forward
isn’t choosing one over the other—it’s building systems where each approach handles
what it does best.

Structure remains essential even in the age of foundation models. The formal guar-
antees and systematic generalization developed here address gaps that pure scaling
cannot fill, providing verified building blocks for safety-critical applications where sta-
tistical confidence isn’t enough. Rather than hoping end-to-end learning will solve
everything, successful deployment depends more on systematic reasoning than on per-
fect perception.

Some of the hardest problems now lie at the interfaces: How to maintain for-
mal guarantees while integrating learned components? How to discover compositional
structure from raw experience? How to verify hybrid systems that combine neural and
symbolic reasoning? These questions need to be answer in the next few years of Al
and robotics research, where the impactful work may happen not within individual
approaches but at their intersection.
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